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Abstract

State estimation methods rely heavily on process and measurement models, yet deriving such models

analytically can be difficult in many robotics applications due to complex sensing modalities and

nonlinear dynamics, often resulting in modeling errors. This thesis investigates Koopman-inspired

lifting as a framework for incorporating learned models into probabilistic state estimation. By

preserving useful inference structure, the resulting methods enable efficient system identification,

inference, and uncertainty quantification. The proposed approach learns lifted representations in

which nonlinear estimation problems admit approximately (bi)linear-Gaussian structure, enabling

model learning through least-squares-like procedures while retaining many of the tools of classical

estimation. We first develop the Koopman-Inspired Learned Observations Extended Kalman Filter

(KILO-EKF), which incorporates learned lifted measurement models into classical filtering archi-

tectures. We then introduce the Koopman State Estimator (KoopSE), extending lifting to both

process and measurement models for data-driven batch state estimation. Building on these ideas,

we develop the Reduced Constrained Koopman Linearization (RCKL) framework for localization

and simultaneous localization and mapping (SLAM), addressing the challenges that arise in large-

scale lifted estimation. In studying uncertainty estimation for these constrained formulations, we

uncover a broader connection to Gaussian inference on manifolds. This leads to a general framework

for marginalizing and conditioning Gaussian distributions onto linearized manifolds and provides

a principled probabilistic interpretation of uncertainty estimation in equality-constrained optimiza-

tion. Collectively, these results demonstrate how learned lifted representations can be incorporated

into increasingly complex estimation frameworks while preserving efficient inference and principled

uncertainty quantification.
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Chapter 1

Introduction

Autonomous robots must make decisions using only partial and noisy observations of the world.
Tasks such as localizing a drone from range measurements, estimating the pose of a mobile robot from
cameras and LiDARs, or tracking the state of a legged robot during locomotion all fundamentally rely
on state estimation [1]. Modern estimation methods combine probabilistic inference with process and
measurement models to infer quantities that cannot be directly observed. Their success, however,
depends heavily on the accuracy of the available models. In practice, deriving such models can be
challenging. Measurement models may depend on complex sensing modalities and environmental
interactions, while process models may involve nonlinear dynamics that are difficult to characterize
analytically. Consequently, model mismatch often becomes a significant source of estimation error.

An alternative approach is to learn models directly from data rather than deriving them ana-
lytically. Recent advances in machine learning have enabled learned representations for dynamics
and perception that can capture complex behaviors difficult to model from first principles [2, 3, 4,
5]. However, incorporating learned models into probabilistic estimation frameworks remains chal-
lenging. While learned representations can improve model expressiveness, they do not necessarily
preserve the structure exploited by classical estimation methods, such as efficient optimization proce-
dures or principled uncertainty representations. This tension between model flexibility and inference
structure motivates the central theme of this thesis.

This thesis investigates Koopman-inspired lifting [6, 7] as a framework for incorporating learned
models into probabilistic state estimation. Rather than learning state estimates directly, Koopman
methods seek transformed representations in which nonlinear systems admit approximately linear
structure. Such representations offer the possibility of combining the flexibility of learned models
with the system identification and inference procedures used in classical estimation. In particular,
they provide a path toward learning process and measurement models from data through struc-
tured regression procedures while retaining estimation frameworks such as filtering and nonlinear
least-squares optimization. While Koopman methods have been studied extensively for system iden-
tification [8, 9], prediction [10], and control [11, 12, 13], extending these ideas to state estimation
introduces several additional challenges. Estimation problems must account for noisy measurements
and uncertainty, while many robotics systems involve states that evolve on nonlinear manifolds
rather than Euclidean vector spaces. Moreover, large-scale problems such as simultaneous localiza-
tion and mapping (SLAM) require reasoning over thousands of correlated variables while maintaining

1
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Classical State Estimation
Handcraft process and measurement models based on physics and calibration

Chapter 4: Koopman-Inspired Filtering
Learn lifted measurement models for recursive state estimation

Chapter 5: Koopman-Inspired Smoothing
Learn lifted process and measurement models for batch estimation

Chapter 6: Koopman-Inspired SLAM
Enable robust lifted localization and SLAM

through enforcing manifold constraints

Chapter 7: Gaussian Inference on Linearized Manifolds
Extend covariance extraction beyond estimation to
general equality-constrained optimization problems

Learn lifted sensing relationships

Extend lifting to system dynamics

Add landmarks and enforce consistency with the lifted manifold

Generalize constrained uncertainty estimation

Figure 1.1: Conceptual progression of the estimation frameworks developed in this thesis.

computational tractability. Thus, although there is some prior work on Koopman-based state esti-
mation [14, 15, 16, 17], its application to real-world robotics remains limited. The central question
explored in this thesis is how learned lifted representations can be incorporated into probabilistic
state estimation while preserving the structure required for efficient and principled inference.

We address this question through a progression of increasingly general problems. In Chapter 4,
we begin with filtering, where lifting is applied to measurement models within an extended Kalman
filter (EKF). We then extend lifting to both process and measurement models for batch estimation in
Chapter 5, enabling both models to be learned directly from data. In Chapter 6, we further extend
these ideas to SLAM, addressing the challenges associated with large-scale estimation in lifted spaces.
Finally, the uncertainty estimation challenges encountered in lifted SLAM motivate a broader study
of Gaussian inference on manifolds, culminating in a general framework for marginalization and
conditioning on linearized manifolds in Chapter 7.

1.1 Thesis Organization

The remainder of this thesis is organized as follows. Note that the technical chapters (4, 5, 6, and 7)
are not ordered chronologically according to the associated publications, but rather according to the
logical progression of the ideas developed throughout the thesis. See Fig. 1.1 for a visual summary.
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• Chapter 2: We review relevant work in classical state estimation, learning-based estimation,
and Koopman-inspired modeling.

• Chapter 3: We provide the necessary theoretical background on state estimation and Koop-
man operator theory.

• Chapter 4: We introduce the Koopman-Inspired Learned Observations Extended Kalman Fil-
ter (KILO-EKF), which incorporates learned lifted measurement models into a classical EKF.
This demonstrates how learned models can be integrated into classical estimation frameworks
while preserving their underlying inference structure.

Associated publication: Z. C. Guo, J. R. Forbes, and T. D. Barfoot, KILO-EKF: Koopman-
inspired learned observations extended Kalman filter, Accepted to IEEE/RSJ International
Conference on Intelligent Robots and Systems, 2026. arXiv: 2601.12463 [cs.RO].

• Chapter 5: We extend the lifting approach to both process and measurement models, enabling
data-driven batch state estimation through the proposed Koopman State Estimator (KoopSE).
This allows complex dynamics and sensing models to be learned directly from data within a
unified estimation framework.

Associated publication: Z. C. Guo, V. Korotkine, J. R. Forbes, and T. D. Barfoot, “Koop-
man linearization for data-driven batch state estimation of control-affine systems,” IEEE
Robotics and Automation Letters, vol. 7, no. 2, pp. 866–873, 2022. doi: 10.1109/LRA.2021.

3133587.

• Chapter 6: We extend Koopman-inspired lifting to localization and SLAM problems by incor-
porating landmark variables into the learned models. This reveals new challenges associated
with large-scale estimation in lifted spaces, which are addressed through the proposed Reduced
Constrained Koopman Linearization (RCKL) framework.

Associated publication: Z. C. Guo, F. Dümbgen, J. R. Forbes, and T. D. Barfoot, “Data-
driven batch localization and SLAM using Koopman linearization,” IEEE Transactions on
Robotics, vol. 40, pp. 3964–3983, 2024. doi: 10.1109/TRO.2024.3443674.

• Chapter 7: We develop a general framework that extends classical marginalization and con-
ditioning operations to Gaussian distributions on linearized manifolds, enabling principled
uncertainty extraction for equality-constrained estimators. This provides a probabilistic inter-
pretation of uncertainty estimation in constrained optimization problems.

Associated publication: Z. C. Guo, J. R. Forbes, and T. D. Barfoot, “Marginalizing and
conditioning gaussians onto linear approximations of smooth manifolds with applications in
robotics,” Proceedings of the IEEE International Conference on Robotics and Automation,
pp. 2606–2612, May 2025. doi: 10.1109/ICRA55743.2025.11128000.

Recognition: Recipient of the Best Conference Paper Award at ICRA 2025.

https://arxiv.org/abs/2601.12463
https://doi.org/10.1109/LRA.2021.3133587
https://doi.org/10.1109/LRA.2021.3133587
https://doi.org/10.1109/TRO.2024.3443674
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Chapter 2

Related Work

This chapter reviews the literature most relevant to the methods developed in this thesis. Rather
than providing an exhaustive survey, the discussion focuses on themes central to the proposed ap-
proaches, including probabilistic state estimation, estimation on manifolds, learning-based represen-
tations, and Koopman-inspired modeling and inference. Particular emphasis is placed on methods
that preserve structure useful for probabilistic inference while remaining scalable to larger robotics
estimation problems.

2.1 Classical State Estimation

2.1.1 Filtering, Smoothing, and SLAM

Classical state estimation methods infer system states from noisy process and measurement data
using probabilistic inference [1, 22]. Common robotics estimation formulations include filtering,
smoothing, and SLAM. Filtering methods, including the Kalman filter [23] and its variants [24],
estimate states recursively using only past measurements. Smoothing methods, such as the Rauch–
Tung–Striebel (RTS) smoother [25], incorporate future measurements to jointly estimate a trajectory.
In practice, smoothing can be performed either over a fixed window or over the entire trajectory
through batch optimization. When the environment map is also unknown, the problem becomes
SLAM, where the robot trajectory and landmark positions are estimated jointly [26, 27].

These and many other modern estimators rely on local linearization and Gaussian inference. For
linear-Gaussian systems, inference often admits closed-form solutions. However, nonlinear robotics
problems are typically solved through iterative local linearization methods such as Gauss–Newton
or Levenberg–Marquardt optimization [28, 1]. Over time, unifying optimization-based frameworks
such as factor graphs [29, 30] have emerged for localization and SLAM. Most methods considered in
this thesis operate in discrete time, though continuous-time estimation methods have also received
attention in robotics, particularly for applications involving asynchronous sensing or trajectory in-
terpolation [31].1

The methods above primarily rely on Gaussian inference in locally linear spaces. However, many
robotics estimation problems also involve geometric constraints or manifold structure, motivating

1Some continuous-time estimation problems can also be represented or approximated within discrete-time formu-
lations. See [32] for examples.

4
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extensions of classical inference methods to constrained and nonlinear spaces.

2.1.2 Estimation on Manifolds

Many estimation and optimization problems in robotics involve manifold structures. States such as
orientations and poses in a three-dimensional environment lie on Lie groups [33], requiring estima-
tion methods that account for their nonlinear geometry [1]. A range of EKF formulations have been
developed directly on matrix Lie groups, representing uncertainty through concentrated Gaussian
distributions and deriving prediction and update operations using Lie-group structure [34, 35, 36].
Related invariant and equivariant filtering approaches further exploit symmetry properties of the
system to obtain structured error dynamics [37, 38]. Many such methods formulate inference lo-
cally in tangent spaces or minimal coordinates, allowing classical Gaussian techniques to be applied
through local linearization. Gaussian distributions can likewise be approximated and fused through
these local Euclidean representations [39]. Thus, for important manifold classes such as Lie groups,
both mean estimation and uncertainty representations are relatively well developed.

In other scenarios, manifold structure arises from explicit, problem-specific constraints rather
than from a standard geometric state space. For example, Chapter 7 considers estimation of a
box trajectory constrained to remain in contact with a moving probe. Such problems are commonly
addressed through constrained nonlinear optimization, often using sequential quadratic programming
(SQP) [28], which repeatedly linearizes the objective and constraints and solves a local constrained
approximation. Constrained factor-graph methods for localization and SLAM [40, 41] follow this
general paradigm.

Although these approaches can produce valid mean estimates, covariance estimation and uncer-
tainty propagation are less broadly developed for problem-specific constrained manifolds. Existing
methods are often tailored either to particular constrained estimation problems [42, 43] or to specific
manifold classes, such as circles [44], spheres [45], and Lie groups. More general formulations for
Gaussian inference and covariance estimation on arbitrary smooth manifolds remain limited. This
gap is particularly important in this thesis, where Koopman-inspired lifted representations introduce
additional manifold structure requiring Gaussian inference beyond classical Lie-group settings.

2.2 Learning-Based State Estimation

2.2.1 General Learning-Based Modeling and Estimation

Learning-based state estimation methods use data-driven models to infer system states from control
inputs and measurements. These approaches have become increasingly important in robotics, where
accurate analytical models may be difficult to derive due to complex dynamics, sensing modali-
ties, or environmental interactions. Compared to classical model-based estimators, learning-based
methods can capture richer nonlinear behaviors directly from data while still being integrated into
probabilistic estimation frameworks.

A wide range of learned representations have been proposed, including those based on neural
networks, kernels [46], Gaussian processes [47], and the Koopman operator [6, 7]. Neural-network-
based representations [2, 3, 4, 5] are often highly expressive and can learn complex sensing and
dynamical relationships directly from data. However, incorporating such learned representations into
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probabilistic estimation frameworks remains challenging, as the learned features are not generally
constrained to preserve the structure exploited by classical estimation methods. This can complicate
the use of classical inference algorithms and uncertainty representations.

On the other hand, kernel methods and Gaussian processes provide flexible nonparametric rep-
resentations of nonlinear functions and probability distributions while preserving structure useful
for probabilistic inference. In particular, lifted feature representations in kernel methods may admit
simpler or approximately linear representations [48, 49]. These ideas have motivated the use of
kernels [50, 51, 52] and Gaussian processes [53, 54] for data-driven modeling and state estimation.
These methods often scale poorly with the amount of training data and require approximations
for real-time deployment [55]. As a result, many of these methods have primarily been validated
on relatively small-scale state-estimation problems and controlled experimental settings, with more
limited adoption in large-scale real-time robotics and SLAM systems. In practice, many approaches
also impose structural assumptions on the system dynamics or noise models to maintain tractabil-
ity [56]. These challenges motivate the use of Koopman-based representations, which aim to preserve
structure useful for inference while remaining scalable to larger robotics problems.

2.2.2 Koopman-Based Modeling, Control, and Estimation

Koopman-based methods represent nonlinear systems using approximately linear dynamics in lifted
feature spaces [6, 7]. Rather than directly modeling nonlinear state evolution, these approaches seek
feature representations in which the dynamics admit simpler linear or bilinear [13] structure. In
robotics, this perspective has attracted significant attention in system identification [8, 9] and con-
trol [11, 12, 13] due to its ability to represent nonlinear systems using approximately linear dynamics
compatible with classical linear systems techniques [7]. Their finite-dimensional lifted structure has
enabled computationally efficient learning and inference for larger-scale robotics modeling and con-
trol [12, 57].

A central challenge in Koopman-based modeling is the selection of lifting functions, often referred
to as observables in Koopman literature, used to represent the system in the lifted space. Exist-
ing approaches include hand-designed observables motivated by system structure [11, 58, 59, 60,
61], randomized feature representations [62, 63], and learned liftings based on neural networks [64,
65]. Finite-dimensional Koopman models are often constructed from candidate observables using
methods such as Extended Dynamic Mode Decomposition (EDMD) [66, 67] or sparse identification
techniques [68, 69]. While learned liftings are often more expressive, structured observables and ran-
domized features remain attractive due to their simplicity and scalability, as well as compatibility
with classical systems-theoretic techniques. The methods proposed in this thesis primarily leverage
these structured lifted representations for state estimation.

Many of the practical methods discussed above learn lifted state-space models directly from
data. However, these lifted representations are generally only approximately invariant under nonlin-
ear dynamics, leading to degraded performance over long time horizons [70] even with reprojection
approximations [71, 72]. Consequently, a major focus of the Koopman literature is the construction
of Koopman-invariant subspaces and Koopman eigenfunctions from data [73, 74, 10]. These ap-
proaches are particularly attractive for prediction and control tasks, where preserving long-horizon
dynamical consistency is important. This Koopman mode and eigenvalue perspective, however, is
less naturally aligned with stochastic inference problems such as state estimation, where uncertainty
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representations, measurement models, and probabilistic inference are often more central than exact
long-horizon dynamical invariance [74, 10].

In general, Koopman-inspired methods for state estimation remain relatively limited. Existing
work includes Koopman observer constructions for constrained estimation [14, 15], as well as Koop-
man Kalman filters based on spectral or kernel representations [16, 17]. These methods focus on
constructing Koopman representations with the particular structure required by their estimators,
such as observer forms, spectral coordinates, or kernel approximations. In practice, obtaining such
representations and applying the resulting estimators at scale can be challenging, particularly for
robotics problems with noisy measurements, model mismatches, and geometric state spaces such as
Lie groups. Consequently, existing evaluations have largely remained in relatively low-dimensional
or specialized settings.

More broadly, much of the Koopman literature focuses on prediction and control, whereas robotics
estimation problems such as filtering, smoothing, and SLAM require probabilistic inference over cou-
pled variables while maintaining meaningful uncertainty representations. The structural challenges
introduced by lifted representations, including manifold consistency and uncertainty estimation,
remain comparatively underexplored in Koopman-inspired probabilistic estimation.

This thesis aims to bridge this gap by developing Koopman-inspired methods for data-driven
filtering, smoothing, and SLAM, validated on large-scale simulations and real-world datasets. Rather
than requiring the explicit recovery of Koopman eigenfunctions or invariant subspaces, the proposed
methods construct lifted representations that preserve structure useful for probabilistic inference
and, when required, enforce consistency with the underlying lifted manifold.



Chapter 3

Background

This chapter reviews the mathematical and algorithmic background underlying the methods devel-
oped in this thesis. We first review probabilistic state estimation and its connection to optimization,
highlighting how inference problems in robotics can be formulated as nonlinear least-squares es-
timation problems. This optimization perspective underlies the estimation frameworks developed
throughout the thesis, including the filtering, smoothing, and SLAM formulations introduced in
Chapters 4, 5, and 6. We also highlight the roles of marginalization and conditioning operations,
which are fundamental to probabilistic inference and later form the basis for the developments in
Chapter 7. We then review Koopman operator theory, which seeks lifted representations in which
nonlinear systems admit approximately linear dynamics. This provides the foundation for the learned
lifted process and measurement models developed in Chapters 4, 5, and 6.

3.1 State Estimation

In this section, we review probabilistic state estimation for dynamical systems and its connection
to optimization. We introduce filtering and batch estimation formulations, along with the nonlinear
least-squares perspective underlying many modern robotics estimation methods. We also discuss
the roles of marginalization and conditioning operations in probabilistic inference. See [1] for a
comprehensive treatment of state estimation in robotics.

3.1.1 Problem Formulation

Many robotics problems, including localization and mapping, can be viewed as estimating the hid-
den state of a dynamical system. Since the system state cannot typically be observed directly and
measurements are corrupted by noise, state estimation is naturally formulated as a probabilistic
inference problem. Suppose we aim to estimate the state ξk at timestep k, which may represent
quantities such as robot pose, robot velocity, or map variables. Rather than estimating a determin-
istic ξk, the objective is instead to infer a probability distribution, or belief, over ξk conditioned on
noisy measurements and inputs.

State estimation problems are typically modeled with a process model and a measurement model:

8
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ξk = f(ξk−1,νk) + ϵk, (3.1a)

γk = g(ξk) + ηk, (3.1b)

where (3.1a) describes the system dynamics governing the evolution of the state from timestep k−1

to timestep k, and (3.1b) describes how the measurement depends on the state at timestep k. The
measurements γk provide partial and noisy observations of the state, and the input νk may represent
control commands or other exogenous signals. The noise terms ϵk and ηk capture uncertainty in
the process and measurement models, respectively. Typically, we assume that the process and
measurement noises are zero-mean Gaussians with covariances Q and R, respectively:

ϵk ∼ N (0,Q), ηk ∼ N (0,R). (3.2)

The state estimation objective may be to estimate either the current state or the full state
trajectory. Recursive filtering methods propagate and update a belief over the current state ξk as new
measurements and inputs arrive, yielding the posterior belief p(ξk | γ1:k,ν1:k). Conceptually, filtering
repeatedly conditions on new measurements while marginalizing past states. Classical examples
include the Kalman filter and its nonlinear variants [24], which are widely used in robotics due to
their conceptual simplicity, computational efficiency, and suitability for real-time applications.

In batch estimation or smoothing problems, the objective is instead to estimate the full trajectory,
ξ0:k, conditioned on all measurements, γ1:k, and inputs, ν1:k. That is, we estimate the posterior
distribution p(ξ0:k | γ1:k,ν1:k). Unlike recursive filtering methods, batch formulations jointly infer
states across multiple timesteps simultaneously, enabling future measurements to improve estimates
of past states and allowing stronger exploitation of correlations across the trajectory. As a result,
batch methods are often more accurate and flexible for large-scale robotics problems such as mapping
and SLAM, where one frequently marginalizes or conditions subsets of variables to extract local
state estimates and covariances from larger joint distributions. More generally, batch estimation
encompasses formulations ranging from fixed-lag smoothing to full trajectory estimation. Although
this thesis begins with a filtering formulation in Chapter 4, we primarily focus on batch estimation
methods in Chapters 5, 6, and 7.

3.1.2 Connection to Optimization

We now review the connection between probabilistic inference and optimization in batch estimation
problems, although many of the same ideas also apply to recursive filtering methods. See [1, §3.1]
for more details. Using Bayes’ rule, the posterior distribution factorizes as

p(ξ0:k | γ1:k,ν1:k) ∝ p(ξ0:k | ν1:k)p(γ1:k | ξ0:k) (3.3a)

= p(ξ0)

k∏
i=1

p(ξi | ξi−1,νi)

k∏
i=1

p(γi | ξi), (3.3b)

where the last line follows from the Markov assumption together with conditional independence of
the measurements. For general nonlinear systems, representing and computing the full posterior
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distribution is often intractable. Instead, many state estimation methods seek a point estimate cor-
responding to the maximum a posteriori (MAP) solution. This estimate is obtained by maximizing
the posterior, or equivalently minimizing the negative log posterior:

ξ̂0:k = argmax
ξ0:k

p(ξ0:k | γ1:k,ν1:k) (3.4a)

= argmin
ξ0:k

− log p(ξ0:k | γ1:k,ν1:k) (3.4b)

= argmin
ξ0:k

−

[
log p(ξ0) +

k∑
i=1

log p(ξi | ξi−1,νi) +

k∑
i=1

log p(γi | ξi)

]
. (3.4c)

We assume that we have a Gaussian prior on the initial state: ξ0 ∼ N (ξ̌0, Σ̌0). Under the assumption
that the model noises are zero-mean Gaussians (3.2), this yields a weighted nonlinear least-squares
problem of the form ξ̂0:k = argminξ0:k J(ξ0:k), where the objective is given by

J(ξ0:k) =
1

2
e⊤0 Σ

−1
0 e0 +

1

2

k∑
i=1

e⊤ν,iQ
−1
i eν,i +

1

2

k∑
i=1

e⊤γ,iR
−1
i eγ,i, (3.5)

where e0, eν,i, and eγ,i are the initial, process, and measurement residuals, respectively, defined as

e0(ξ0) = ξ0 − ξ̌0, eν,i(ξi−1, ξi) = ξi − f(ξi−1,νi), eγ,i(ξi) = γi − g(ξi). (3.6)

We can then solve for the MAP estimate, ξ̂0:k, using nonlinear least-squares optimization methods
such as Gauss–Newton or Levenberg–Marquardt [1, 28].

In addition to the point estimate, we are often also interested in characterizing the uncertainty of
the estimate. A common approach is to use Laplace’s approximation [75] to obtain a local Gaussian
approximation of the posterior distribution using the inverse Hessian of the negative log posterior
evaluated at the MAP solution:

Σ̂0:k ≈

∂2J(ξ0:k)
∂ξ20:k

∣∣∣∣∣
ξ̂0:k

−1

. (3.7)

We would then characterize the solution as ξ0:k ∼ N (ξ̂0:k, Σ̂0:k). Although the true posterior is
generally non-Gaussian for nonlinear systems, Laplace’s approximation is widely used in practice to
obtain local Gaussian uncertainty estimates around the MAP solution. The resulting Gaussian ap-
proximation additionally supports efficient marginalization and conditioning operations over subsets
of variables, which are central to many sparse inference and SLAM algorithms.

In general, computing the MAP estimate for nonlinear systems requires iterative optimization.
However, the situation simplifies significantly for linear-Gaussian systems, where the process and
measurement models take the form

ξk = Ak−1ξk−1 +Bkνk + ϵk, (3.8a)

γk = Dkξk + ηk. (3.8b)

In this case, the posterior distribution is exactly Gaussian, and the MAP estimate coincides with
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the posterior mean. Moreover, the posterior mean and covariance can be computed efficiently using
sparse linear algebra methods such as the Cholesky smoother and other batch solvers [1]. This
observation motivates a central theme of this thesis: while nonlinear systems generally require
iterative approximate inference, systems with linear-Gaussian structure admit efficient and scalable
estimation algorithms. This motivates the use of Koopman operator theory, which seeks lifted
representations in which nonlinear systems admit approximately linear structure.

3.2 Koopman Lifting for Dynamical Systems

In this section, we briefly review Koopman lifting [6] for dynamical systems and its use in learning
finite-dimensional linear representations of nonlinear systems. We begin with the canonical definition
of the Koopman operator before introducing practical finite-dimensional approximations and their
associated challenges. For comprehensive treatments of the Koopman operator, see [67, 7].

3.2.1 Koopman Operator Theory

Koopman lifting has been driven largely by its historical use in modeling dynamical systems [11,
76]. The goal is to represent nonlinear dynamics as a linear evolution in a higher-dimensional space.
Consider a noiseless discrete-time autonomous (i.e., no inputs) system,

ξk = f(ξk−1). (3.9)

The Koopman operator, K, is canonically defined as an operator acting on scalar-valued lifting
functions, pξ(·), according to

(Kpξ)(ξ) = pξ(f(ξ)). (3.10)

These lifting functions are termed observables in the Koopman literature1, and they can be thought
of as features that extract relevant information from the original state. Importantly, the Koopman
operator is linear on the space of observables, denoted F . That is, for any observables pξ,1, pξ,2 ∈ F
and scalars a, b ∈ R,

K (apξ,1 + bpξ,2) = aKpξ,1 + bKpξ,2. (3.11)

Thus, the Koopman framework shifts nonlinear state evolution into the space of observables, where
the dynamics are governed by a linear operator.

Note that the Koopman operator is generally infinite-dimensional. As such, one typically con-
structs finite-dimensional approximations using a selected collection of observables stacked into a
vector-valued lifting function (i.e., embedding),

pξ(ξ) =
[
pξ,1(ξ) · · · pξ,n(ξ)

]⊤
. (3.12)

We define the lifted state as the stacked observables, xk = pξ(ξk). Then, we have from (3.9) and
1Not to be confused with the concept of observability in control theory.
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(3.10) that 
pξ,1(ξk)

...
pξ,n(ξk)

 =


(Kpξ,1)(ξk−1)

...
(Kpξ,n)(ξk−1)

 =⇒ xk = (Kpξ)(ξk−1). (3.13)

For certain choices of observables in (3.12), the span of the observables may be closed under the
Koopman operator. In that case, the observables span a Koopman-invariant subspace, and the
Koopman operator admits a finite-dimensional matrix representation, A. The lifted dynamics in
(3.13) can then be written in the familiar linear form:

xk = Axk−1. (3.14)

As a practical example from [77], suppose that a 2-dimensional system is governed by the nonlinear
dynamics [

ξ1,k

ξ2,k

]
= f

([
ξ1,k−1

ξ2,k−1

])
=

[
λξ1,k−1

µξ2,k−1 + (λ2 − µ)ξ21,k−1

]
, (3.15)

for some parameters λ and µ. In this case, the nonlinear system can be exactly transformed into a

linear system with the lifting function pξ(ξk) =
[
ξ1,k ξ2,k ξ21,k

]⊤
=
[
x1,k x2,k x3,k

]⊤
, yielding

x1,kx2,k

x3,k

 =

λ 0 0

0 µ λ2 − µ
0 0 λ2


x1,k−1

x2,k−1

x3,k−1

 . (3.16)

3.2.2 Learning Finite-Dimensional Koopman Models

In practice, exact finite-dimensional Koopman invariant subspaces are rare, particularly for noisy
real-world systems. As such, finite-dimensional Koopman representations are typically approximated
from data using methods such as EDMD [66, 67]. Although the methods developed later in this
thesis extend beyond the standard EDMD setting, they retain the same underlying perspective of
learning lifted linear models from data.

EDMD learns a best-fit linear operator that approximates the lifted dynamics in (3.14) from
trajectories of lifted observables. Suppose we are given a dataset of P state transitions, {ξ−i , ξ

+
i }Pi=1,

where ξ−i transitions to ξ+i . We write the data in block-matrix form as

Ξ(−) =
[
ξ−1 · · · ξ−P

]
, Ξ(+) =

[
ξ+1 · · · ξ+P

]
. (3.17)

Applying the lifting function gives the lifted snapshots x−
i = pξ(ξ

−
i ), x+

i = pξ(ξ
+
i ), which are

stacked as

X(−) =
[
x−
1 · · · x−

P

]
, X(+) =

[
x+
1 · · · x+

P

]
. (3.18)

Under the lifted linear dynamics model, the dataset satisfies X(+) ≈ AX(−). EDMD computes a
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least-squares estimate of A:

A⋆ = argmin
A
∥X(+) −AX(−)∥2F , (3.19)

where ∥·∥F is the Frobenius norm. This admits the closed-form solution A⋆ = X(+)X
†
(−), where (·)†

represents the Moore–Penrose pseudoinverse. This can also be interpreted as maximum likelihood
estimation under additive Gaussian residuals. If desired, regularization or Bayesian priors may also
be incorporated to improve robustness and generalization.

Several challenges arise when applying Koopman lifting to real-world systems. Although finite-
dimensional Koopman approximations can be effective [77], their quality depends strongly on the
selected observables, which are often designed using domain knowledge or learned from data. More-
over, while Koopman lifting naturally extends to controlled systems [76], robotics problems addi-
tionally involve noisy processes and measurements. Existing Koopman identification methods such
as EDMD are primarily formulated as deterministic least-squares regression problems, which do not
explicitly model uncertainty or covariance structure. Incorporating stochastic process and measure-
ment models into the lifted representation therefore remains challenging, and there is comparatively
limited work on using Koopman methods for probabilistically consistent estimation in the presence of
noise, inputs, and measurements. These challenges motivate the developments in this thesis, where
we extend Koopman lifting to stochastic systems with noisy process and measurement models.
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Koopman-Inspired Filtering

Classical State Estimation
Handcraft process and measurement models based on physics and calibration

Chapter 4: Koopman-Inspired Filtering
Learn lifted measurement models for recursive state estimation

Learn lifted sensing relationships

Figure 4.1: Conceptual progression for Chapter 4.

4.1 Summary of Contributions

This chapter introduces the Koopman-Inspired Learned Observations Extended Kalman Filter
(KILO-EKF), a filtering framework that incorporates data-driven measurement models into the
EKF. The method learns a lifted linear-Gaussian measurement model directly from data while
preserving compatibility with classical filtering algorithms on Lie groups. This chapter

• introduces the KILO-EKF framework for learning measurement models within a filtering ar-
chitecture,

• demonstrates that Koopman-inspired lifting can be integrated with Lie-group filtering while
preserving the recursive structure of the EKF, and

• empirically demonstrates improved localization performance over classical EKF baselines on
representative localization tasks.

Within the broader context of this thesis, this chapter represents the first step toward incorporating
data-driven modeling into robotic state estimation while preserving the structure required for efficient
filtering. Subsequent chapters extend this idea by learning both process and measurement models in
a batch estimation framework, and by addressing structural issues that arise in large-scale problems
such as SLAM.

14
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Associated publication: Z. C. Guo, J. R. Forbes, and T. D. Barfoot, KILO-EKF: Koopman-
inspired learned observations extended Kalman filter, Accepted to IEEE/RSJ International Confer-
ence on Intelligent Robots and Systems, 2026. arXiv: 2601.12463 [cs.RO].

4.2 Motivation

Recursive state estimation methods such as the EKF and its variants [24] are fundamental to many
robotic systems requiring real-time operation. These methods rely on accurate process and mea-
surement models to produce reliable state estimates and uncertainty representations [1, 22]. In
practice, however, deriving precise analytical measurement models is often difficult due to sensing
nonlinearities, calibration uncertainty, and environmental effects. For sensing modalities such as
ultra-wideband (UWB) [78] and radio-frequency identification (RFID) [79], collecting training data
may be significantly easier than constructing accurate analytical models and noise characteristics.
As a result, model mismatch can substantially degrade estimation performance or even lead to filter
divergence [22, 80].

These challenges motivate learning-based approaches that incorporate data-driven models into
classical estimation frameworks. Among these, the Koopman operator theory [6] is attractive because
it seeks to transform nonlinear relationships into simpler, approximately linear structure. Unlike
highly expressive end-to-end neural-network-based estimators, Koopman-inspired representations
can preserve structure useful for Gaussian inference while remaining computationally efficient for
recursive filtering. Prior work has applied Koopman operator theory to system identification [76,
8] and control [11, 13, 58]. However, applications to probabilistic state estimation remain relatively
limited, particularly for Lie-group states involving poses and orientations.

In this chapter, we introduce the KILO-EKF, which applies Koopman-inspired lifting to the
measurement model of a classical EKF. Rather than learning the full system dynamics, KILO-EKF
learns a lifted representation of the observation function while leaving the process model unchanged.
This preserves compatibility with recursive filtering and geometric state representations such as
Lie-group formulations used in inertial navigation. The resulting framework combines flexible data-
driven measurement modeling with the structure and computational efficiency of classical filtering.

This chapter is organized as follows. Section 4.3 reviews related work on Koopman-based mod-
eling and data-driven state estimation. Section 4.4 summarizes the standard EKF formulation on
SE2(3). Section 4.5 presents the general KILO-EKF framework, and Section 4.6 specializes the
framework to SE2(3). Section 4.7 experimentally validates KILO-EKF on a real-world dataset, and
Section 4.8 concludes the chapter.

4.3 Related Work

Recent work in learning-based state estimation has explored integrating data-driven models into
classical filtering frameworks. Neural-network-based methods, including differentiable filters [2],
learned filtering frameworks [5], and end-to-end odometry systems [3, 4], are often highly expressive
and can learn complex sensing relationships directly from data. However, these approaches typically
require substantial training data and computational resources while sacrificing structure useful for
probabilistic inference, making interpretability and integration with classical estimation frameworks

https://arxiv.org/abs/2601.12463


CHAPTER 4. KOOPMAN-INSPIRED FILTERING 16

EKF predict
with process

model

Standard EKF: Compute
innovation with analytical

measurement model
EKF

update

Model learned from data

KILO-EKF: Compute
innovation with learned lifted

measurement model
Koopman-

inspired lifting

Figure 4.2: Overview of the proposed KILO-EKF: the standard EKF structure is retained, while the mea-
surement model is replaced with a Koopman-inspired, data-driven representation.

more challenging.
Another line of work uses kernels and Gaussian processes to learn nonlinear system and measure-

ment models for probabilistic inference [51, 52, 53]. Compared to neural-network-based methods,
these approaches are typically less expressive but provide more structured probabilistic represen-
tations and can naturally model uncertainty. However, they incur cubic training complexity and
require storing or approximating the training set at inference time, limiting real-time use without
significant approximations [55].

Koopman-inspired methods instead seek lifted representations in which nonlinear dynamics or
measurements admit simpler approximately linear structure. Existing Koopman-based estimation
approaches have primarily focused on constructing lifted system representations with the particular
structure required by a chosen estimator, including Koopman observer formulations for constrained
estimation and lifted Kalman-filter models based on spectral or kernel representations [14, 15, 16,
17]. These approaches have largely considered vector-space states and simplified estimation settings.
Although Koopman modeling has been explored on SO(3) [59] and SE(3) [60, 61], these works
primarily consider system modeling and control rather than probabilistic filtering on Lie groups.

Motivated by these gaps, this chapter develops a Koopman-inspired learned measurement model
within a classical EKF framework. The proposed approach preserves the structure and real-time
performance of Lie-group filtering while enabling flexible data-driven measurement representations
without requiring constrained lifted optimization.

4.4 Preliminaries

4.4.1 Standard Discrete-Time EKF on SE2(3)

In this section, we briefly summarize a standard formulation for discrete-time EKF on SE2(3) and
refer the reader to [81] for more details.

We begin with a general nonlinear system of the form,

ξk = f(ξk−1,νk, ϵk), (4.1a)

γk = g(ξk,ηk). (4.1b)

where ξk ∈ RNξ is the state, νk ∈ RNν the control input, ωk ∈ RNω the process noise, γk ∈ RNγ the
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measurement output, and ηk ∈ RNη the measurement noise, all at timestep k.
Many robotic systems operating in three-dimensional space, such as aerial vehicles and legged

platforms, are equipped with an inertial measurement unit (IMU). From the bias-corrected IMU
readings, we construct the input νk, consisting of angular velocity ωk and specific force ak. These
interoceptive measurements, together with additional exteroceptive sensors, are commonly fused
using an EKF on the Lie group SE2(3). Accordingly, we define the EKF state as ξk = {Tk, bk} ∈
SE2(3)× R6, where

Tk =

Ck vk tk

0 1 0

0 0 1

 ∈ SE2(3), bk =

[
bωk
bak

]
∈ R6, (4.2)

where Ck ∈ SO(3) is the body-to-world rotation, vk and tk are the velocity and position in the
world frame, and bk is the IMU biases. We define the error state using a right perturbation on
SE2(3). Specifically, the true state ξk is related to a nominal state ξ̄k by

Tk = T̄kExp(δζk), bk = b̄k + δbk, (4.3)

where the 15-dimensional error state is

δξk =
[
δζ⊤k δb⊤

k

]⊤
, δζk =

[
δθ⊤k δv⊤

k δt⊤k

]⊤
. (4.4)

Here, Exp(·) = exp((·)∧), where (·)∧ denotes the mapping from R9 to the Lie algebra se2(3) [33].
The nominal state is propagated using a deterministic process model:

T̄k = T̄k−1Exp(νk∆tk) , b̄k = b̄k−1. (4.5)

The EKF assumes zero-mean Gaussian process and measurement noises: ϵk ∼ N (0,Qk) and
ηk ∼ N (0,Rγ,k). Process noise is modeled through the linearized error-state dynamics,

δξk = Fk−1 δξk−1 +Gk ϵk. (4.6)

IMU noise enters through ϵk, and the biases are modeled as a random walk.
The EKF maintains a Gaussian belief over the error state with covariance Σk. During the

prediction step, the nominal state and covariance are propagated, where the covariance prediction
is given by

Σ̌k = Fk−1 Σ̂k−1 F
⊤
k−1 +GkQkG

⊤
k , (4.7)

yielding the prior {ξ̌k, Σ̌k}. Here, (̌·) and (̂·) denote prior and posterior quantities, respectively.
For the measurement update, we receive an exteroceptive measurement γk, related to the state

by the nonlinear measurement model in (3.1b). The model, g(·), is typically derived from sensor
geometry, calibration parameters, and prior knowledge of the environment. Using the predicted
state, ξ̌k, the EKF computes the innovation rk = γk − g(ξ̌k,0), and linearizes the measurement
model with respect to the error state to obtain the Jacobian, Hk = ∂δγ

∂δξ

∣∣∣
δξ=0

. See Appendix A.1



CHAPTER 4. KOOPMAN-INSPIRED FILTERING 18

for details on the Jacobian derivation for SE2(3). Then, the Kalman gain and the correction are,
respectively,

Kk = Σ̌kH
⊤
k (HkΣ̌kH

⊤
k +Rγ,k)

−1
, δξ̂k = Kkrk. (4.8)

Writing δξ̂k =
[
δζ̂⊤k δb̂⊤

k

]⊤
, we update via

T̂k = ŤkExp(δζ̂k), b̂k = b̌k + δb̂k, (4.9)

followed by the standard EKF covariance update to obtain Σ̂k.
Having established the standard EKF as our baseline, we next introduce the KILO-EKF, which

adopts a Koopman-inspired approach for learning measurement models while retaining the classical
prediction step.

4.5 The General KILO-EKF

In this section, we present KILO-EKF’s general framework for mapping nonlinear measurement
functions into a linear representation in a lifted feature space. The resulting formulation is agnostic
to the underlying state space and filtering architecture. We specialize this approach to SE2(3) in
the next section by defining appropriate lifting functions for the states.

By lifting measurement model (4.1b), system (4.1) can be represented as

ξk = f(ξk−1,νk, ϵk), (4.10a)

yk = Dxk + nk, (4.10b)

where for some nonlinear lifting functions pξ(·) and pγ(·), the lifted quantities are xk,nk ∈ X and
yk ∈ Y, where

xk = pξ(ξk), yk = pγ(γk), nk ∼ N (0,R). (4.11)

Throughout this chapter and the rest of the thesis, we use Greek letters to denote quantities in the
original, unlifted space and Roman letters to denote quantities in the lifted space whenever possible.
For example, ξ denotes the original state while x denotes its lifted representation.

Through this representation, we treated the lifted measurement model as linear Gaussian. While
this is approximate, the aggregation of multiple error sources in high-dimensional feature spaces
can often be reasonably approximated as Gaussian under the Central Limit Theorem [82]. More-
over, a linear-Gaussian formulation yields a tractable measurement update and is consistent with
the assumptions underlying the EKF. This modeling choice also serves as the basis for the batch
estimation frameworks developed in later chapters.

In general, lifting the measurements through yk = pγ(γk) is optional, as sufficiently expressive
state liftings can capture nonlinear measurement relationships. However, appropriate measurement
liftings can simplify the learned model and improve numerical conditioning in practice. See Sec-
tion 4.7.3 for an example. For now, we turn to learning the lifted model parameters from data.
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4.5.1 Learning the Lifted Measurement Model

Our objective is to learn D and R in (4.10) and (4.11) from groundtruth data. Suppose we have
a dataset consisting of P states and measurements: {ξi,γi}Pi=1. We write the original data in
block-matrix form:

Ξ =
[
ξ1 · · · ξP

]
, Γ =

[
γ1 · · · γP

]
. (4.12)

The data translates to {xi,yi}Pi=1 in the lifted space such that we have yi = Dxi + ni for some
unknown noise, ni ∼ N (0,R). Then, we can write the lifted matrix form for the measurement
model as Y = DX+N, where

X =
[
x1 · · · xP

]
, Y =

[
y1 · · · yP

]
, N =

[
n1 · · · nP

]
. (4.13)

We now formulate a loss function for learning the system matrices from data. Rather than
EDMD-based formulations involving spectral decompositions [66], we adopt a Tikhonov-regularized
approach that admits a closed-form solution. Specifically, we cast the learning problem as MAP
estimation with conjugate priors1 on D and R. The resulting optimization problem is

{D⋆,R⋆} = argmin
{D,R}

V (D,R), (4.14)

where the loss function is V = V1 + V2 with

V1 =
1

2
∥Y −DX∥2R−1 +

1

2
P ln |R| , (4.15a)

V2 =
1

2
PτD ∥D∥2R−1 +

1

2
PτR tr(R−1). (4.15b)

The norm is a weighted Frobenius matrix norm:

∥X∥W =
√

tr (XTWX). (4.16)

Here, V1 corresponds to the negative log-likelihood of the data under Gaussian noise, ignoring the
normalizing constant. V2 imposes priors on the model parameters: a Tikhonov prior on D to
encourage a lower-complexity measurement model, and an (isotropic) inverse-Wishart (IW) prior on
R. IW priors regularize covariance estimation, helping avoid overfitting and degenerate estimates
when training data are limited [83]. We tune the regularizing hyperparameters, τD and τR, from
data using cross-validation.

We find the critical points by setting ∂V
∂D and ∂V

∂R−1 to zero, yielding

D = (YXT )(XXT + PτD1)
−1, (4.17a)

R =
1

P
(Y −DX)(Y −DX)T + τDDDT + τR1, (4.17b)

where 1 represents the identity operator for the appropriate domains. This procedure is one shot
1A conjugate prior is a prior chosen such that, after combining it with the likelihood, the posterior remains in

the same distribution family. Here, the priors on D and R preserve a closed-form, regularized regression-style MAP
solution for the learned system matrices.
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and linear in the amount of training data, P , for both computation and storage.

4.5.2 Inference

After learning the lifted measurement model parameters D and R, we use them for state estimation
within an EKF framework. In this setting, inference proceeds by computing the measurement
Jacobian with respect to the original state. Using the lifted measurement model, this Jacobian can
be written using the chain rule as

Hk =
∂δy

∂δξ

∣∣∣∣
δξ=0

= D
∂δpξ
∂δξ

∣∣∣∣
δξ=0

. (4.18)

This expression is straightforward to compute, as the lifting function pξ(·) is chosen a priori and
is differentiable by construction. With this Jacobian, the EKF measurement update follows the
standard formulation using the learned covariance R and leaving the prediction step unchanged2.
With multiple sensors, we learn a separate lifted measurement model for each sensor, then apply
the corresponding measurement updates sequentially, as in standard multi-sensor EKFs.

A convenient and widely used choice for the lifting function is to include the original state itself.
Specifically, the state, ξk, is concatenated with nonlinear features, p̃ξ(ξk), as

pξ(ξk) =
[
ξ⊤k p̃ξ(ξk)

⊤
]⊤

. (4.19)

This structure introduces only a modest increase in dimension, while enabling direct recovery of the
original state.

In KILO-EKF, the goal is to directly estimate the original state ξk. As we will see in later
chapters, this inference procedure differs from lifted batch formulations, where the optimization
variable is the full lifted state xk. In those settings, performance can be improved by enforcing
consistency between the lifted and original representations through explicit constraints, discussed
in detail in Section 6.6.5. In KILO-EKF, however, this consistency is automatically satisfied since
the lifted representation is constructed directly from ξk only for the measurement. This avoids
constrained optimization at inference time while preserving the standard EKF structure required
for real-time operation.

4.6 KILO-EKF in SE2(3)

Having established the general framework of KILO-EKF, we now specialize to SE2(3). We first define
suitable lifting functions for the state, followed by the computation of the measurement Jacobian
required for the EKF update.

4.6.1 Lifting Functions

In the following, we make explicit the construction of the lifting function pξ(·). From Section 4.4.1,
our state is ξk = {Tk,bk}, as defined in (4.2). To apply Euclidean feature maps, we introduce sk,

2The proposed measurement-learning component is independent of the specific filtering formulation and can be
integrated within alternative variants, such as the invariant EKF.
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a vector representation of our EKF state via a mapping q(·) : SE2(3)× R6 → R15, where

sk = q(ξk) =
[
vec(Ck)

⊤ t⊤k v⊤
k b⊤

a,k b⊤
ω,k

]⊤
, (4.20)

where vec(·) denotes column-wise vectorization. We then define the lifting function pξ(·) as a
function of sk.

For lifting functions, we use random Fourier features (RFFs), specifically squared-exponential
random Fourier features (SERFFs) [84]. These lifting functions map vector-space inputs to a finite-
dimensional set of sinusoidal features. Given an input s, the SERFF mapping is defined as

z(s) =
[

1√
R
zϖ1

(s)⊤ · · · 1√
R
zϖR

(s)⊤
]⊤

, zϖi
(s) =

[√
2 cos(ϖ⊤

i s)
√
2 sin(ϖ⊤

i s)
]⊤

, (4.21)

where the frequency vectors are drawn independently as ϖi ∼ N (0,W/kℓ). Here, W is a typically
diagonal weighting matrix that controls the relative importance of each input dimension, and kℓ is
a length-scale parameter. Both hyperparameters can be selected a priori or tuned from data.

SERFFs are commonly used as lifting functions in Koopman-based methods due to their strong
empirical performance [63]. In this chapter, their effectiveness is reflected in the performance of
the learned models. In the next chapter, we develop a broader theoretical perspective on RFFs,
including their connection to approximations of rich function classes. This perspective will show
that selecting the number of RFFs provides a principled trade-off between approximation accuracy
and computational cost. As we will see, SERFFs, and RFFs more generally, play important roles in
Koopman-inspired batch estimation methods as well.

The proposed lifting framework can be applied directly without modification by defining pξ(s) =

z(s) from (4.21). In many practical scenarios, however, some prior knowledge of the system is
available. In such cases, it is beneficial to incorporate this knowledge by constructing handcrafted
features inspired by known measurement models. Although SERFFs alone provide a fully data-
driven lifting, incorporating known structure can achieve comparable accuracy with substantially
fewer random features and hence a lower-dimensional learned model. See Section 4.7 for an example.
It is also often advantageous to restrict the lifting to a subset of the original state variables. For
example, if the measurement is known to depend only on the pose, we modify (4.20) to retain only
the corresponding components and discard the remaining state variables:

s′k =
[
vec(Ck)

⊤ t⊤k

]⊤
. (4.22)

This reduces the dimensionality of the input to the lifting function and, consequently, the number
of lifted features required. The resulting lifting function is then defined as

pξ(s
′
k) =

[
s′k

⊤
h(s′k)

⊤ z(s′k)
⊤
]⊤

, (4.23)

where h(·) is a handcrafted feature function. This design enables flexible incorporation of domain
knowledge while preserving the generality of the KILO-EKF framework.
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Algorithm 1: Koopman-Inspired Learned Observations EKF (KILO-EKF)

Training:

Input: Training data {ξi,γi}Pi=1; lifting functions {pξ(·),pγ(·)} (e.g., SERFFs (4.21));
algorithm hyperparameters {λD, λR}.

1. Stack training data {ξi,γi}Pi=1 into their block-matrix form, {Ξ,Γ}, with (4.12).

2. Embed {Ξ,Γ} using the lifting functions {pξ(·),pγ(·)}, yielding {X,Y} defined in (4.13).

3. Solve for model matrices {C,R} using (4.17).

Output: Measurement model matrices: {C,R}.

Inference:

Input: Previous state belief mean and covariance {ξ̂k−1, Σ̂k−1}; input νk; received
measurement γk.

1. State prediction: Apply the standard EKF prediction step with input νk to obtain the
predicted belief {ξ̌k, Σ̌k}. For SE2(3), this procedure is summarized in Section 4.4.1.

2. Lifted measurement prediction: Construct the lifted state x̌k = pξ(ξ̌k). Predict the lifted
measurement as y̌k = Cx̌k.

3. Linearization: Embed the received measurement as yk = pγ(γk), compute the innovation
ek = yk − y̌k, and compute the measurement Jacobian Hk using (4.18).

4. Correction: Apply the standard EKF update using ek and Hk to obtain the updated belief
{ξ̂k, Σ̂k}.

Output: Updated state belief mean and covariance: {ξ̂k, Σ̂k}.

4.6.2 Measurement Jacobian

Using the lifted measurement model, the EKF measurement Jacobian follows directly from the
chain rule as in (4.18). The geometric aspects of the SE2(3) linearization are identical to those of a
conventional EKF and are summarized in Appendix A.1. For the SERFF lifting functions defined
in (4.21), the required derivatives are available in closed form:

∂zϖi

∂s
=

[
−
√
2 sin(ϖ⊤

i s)√
2 cos(ϖ⊤

i s)

]
ϖ⊤
i . (4.24)

Then, we would follow the standard EKF update. See Algorithm 1 for a summary of the training
and testing procedures of KILO-EKF.

4.7 Experiments

4.7.1 Problem Setup

We validate the proposed KILO-EKF on a real-world 3D localization dataset named MILUV [81]. A
quadrotor operates in a 3m× 3m× 2m indoor environment, with an onboard IMU providing linear
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Figure 4.3: System overview of the quadrotor platform [81] used to evaluate KILO-EKF, which learns data-
driven measurement models for UWB ranging and laser height sensing.

acceleration and angular velocity measurements. For exteroceptive sensing, the quadrotor carries
two ultra-wideband (UWB) tags and receives range measurements from six fixed UWB anchors. In
addition, a downward-facing laser provides measurements of the vertical height. See Fig. 4.3 for a
visualization. The localization objective is to estimate the quadrotor’s pose trajectory using IMU,
UWB, and laser measurements. Groundtruth poses are obtained from a motion-capture system and
are used for supervised learning and evaluation under a cross-validation protocol.

4.7.2 EKF Baselines

Our baseline estimators are standard SE2(3) EKFs based on the open-source implementations re-
leased with the MILUV dataset [81]. For timestamp k, UWB tag i, and anchor j, the analytical
UWB range measurement model is

γi,j,k = gi,j(ξk) = ∥rℓ,j − tk −Ckrb,i∥+ ηi,j,k, (4.25)

where rℓ,j denotes the position of anchor j expressed in the world frame, rb,i denotes the position
of UWB tag i expressed in the vehicle frame, and ηi,j,k is zero-mean measurement noise.

In addition to UWB range measurements, we have a downward-facing laser that measures the
vertical height. The analytical laser measurement model is

γL,k = gL(ξk) = tz,k + ηL,k, (4.26)

where tz,k denotes the z-component of the position tk, and ηL,k is zero-mean measurement noise.
To evaluate the proposed method across different calibration scenarios, we compare against three

baseline EKF variants. These baselines differ in how the UWB calibration parameters, namely the
anchor positions rℓ,j and tag offsets rb,i in the UWB measurement model (4.25), are obtained. Our
baselines are designed to reflect common practical use cases, ranging from nominal computer-aided
design (CAD)-based calibration to imperfect or data-driven calibration. The three baselines are:

• CAD-EKF: Anchor positions rℓ,j and tag offsets rb,i are taken directly from CAD measure-
ments.

• MisCAD-EKF: Tag offsets are taken from CAD measurements and perturbed by a 1◦ rotation
to simulate mild calibration errors.
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(a) Fold 1 (b) Fold 2 (c) Fold 3

(d) Fold 4 (e) Fold 5

Figure 4.4: Trajectory estimates for the five cross-validation folds, illustrating the diversity of path geome-
tries used in evaluation. Qualitatively, although not always visually pronounced, the proposed KILO-EKF
generally tracks the groundtruth more closely than the two baselines.

Fold Time [s] Measurements Name in MILUV [81]
1 146.1 14342 default_1_circular2D_0
2 135.2 13568 default_1_circular3D_0
3 205.2 20700 default_1_random3_0
4 195.1 19512 default_1_remoteControlLowPace_0
5 227.0 22534 default_1_remoteControlLowPace_0_v2

Table 4.1: Dataset splits for cross-validation of KILO-EKF against model-based baselines.

• DataCal-EKF: Anchor positions and tag offsets are initialized using CAD measurements,
then subsequently refined by solving a nonlinear least-squares calibration problem with
Levenberg-Marquardt optimization on training data.

For fairness, the calibration parameters in DataCal-EKF are optimized using the same training data
as KILO-EKF.

4.7.3 KILO-EKF Implementation

The proposed KILO-EKF shares the same process model, IMU preprocessing, and state propagation
as the baseline EKFs described in Section 4.7.2. This ensures a controlled comparison, as all methods
differ only in their treatment of the measurement model. The key distinction of the KILO-EKF lies
in replacing the analytical measurement models with lifted linear-Gaussian representations learned
from data.

Inspired by the structure of the UWB range model (4.25), we restrict the measurement depen-
dence to the pose variables by defining a reduced state as in (4.22). Based on this reduced state, we
construct a set of handcrafted features,

h(s′k) =
[
1 vec(Ck)

⊤ C⊤
k tk t⊤k tk

]⊤
, (4.27)
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Figure 4.5: Violin plots of per-timestep position errors, orientation errors, and Mahalanobis distances across
the five cross-validation folds. Each point corresponds to a single time step. KILO-EKF consistently achieves
comparable or lower errors than the baseline methods across all folds, and exhibits Mahalanobis distances
closer to 1, indicating more consistent covariance estimates.

which encode simple geometric relationships commonly used in range-based localization. These
handcrafted features are augmented with SERFFs for modeling the residual nonlinearities, forming
the full lifted state via (4.23).

In addition to lifting the state, we also lift measurements as defined in (4.11). Specifically, for
UWB ranges, we use squared ranges as the lifted measurements: yi,j,k = pγ(γi,j,k) = γ2i,j,k. This
avoids the square-root nonlinearity in (4.25), reducing the complexity of the learned model and the
number of features required to capture the measurement relationship.

Because each UWB range measurement depends on a specific anchor position and tag offset, we
learn separate lifted measurement models for each anchor-tag pair. This results in 6× 2 = 12 UWB
measurement models, along with an additional model for the laser height measurement.

4.7.4 Evaluation Method

We evaluate the proposed KILO-EKF against the three baseline EKF variants. Performance is
assessed in terms of position and orientation accuracy and consistency. For quantitative compar-
ison, we report the per-timestep root-mean-square errors (RMSEs) and normalized Mahalanobis
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Figure 4.6: Per-axis position and orientation error time series for Fold 2. The shaded region indicates the
3σ covariance envelope. KILO-EKF exhibits lower errors and more consistent covariance estimates, while
the baseline methods show larger errors that frequently exceed the predicted covariance bounds.

distances [85]. This distance is equivalent to the square root of the normalized estimation error
squared (NEES) and is computed with

dk =

√
(δξk)T Σ̂

−1
k (δξk)/N, (4.28)

where δξk is the estimation error with respect to the groundtruth, Σ̂k is the estimated covariance,
and N is the state dimension. Lower RMSE indicates higher accuracy in the mean estimates, while
Mahalanobis distances close to 1 reflect statistically consistent covariance estimates.

Evaluation is performed using a five-fold cross-validation protocol, where one sequence is held
out for testing and the remaining four are used for training. The evaluation folds are listed in
Table 4.1, and visualizations of the trajectories are shown in Fig. 4.4. To increase the diversity of
training data, we additionally include seven sequences exclusively for training3. These sequences
are excluded from testing because their high speeds and frequent directional changes place them
outside the evaluation regime considered in this work; both KILO-EKF and the baseline EKFs incur

3Training-only datasets from MILUV [81]: cir_1_circular2D_0, cir_3_random3_0, default_3_random_0, de-
fault_3_random_0b, default_3_movingTriangle_0b, default_3_random2_0, default_3_zigzag_0.
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(a) Ablation study on SERFFs (b) Ablation study on training data

Figure 4.7: Two ablation studies. Left: KILO-EKF RMSE versus the number of SERFFs, using the full
training dataset. Right: KILO-EKF RMSE versus the percentage of training samples, with the number of
SERFFs fixed at 100. Each dot denotes the average RMSE across all folds. In both studies, increasing the
number of SERFFs or the amount of training data consistently reduces error. KILO-EKF outperforms both
baseline methods when using 100 SERFFs or the full dataset.

very large estimation errors on these trajectories. Robustness to such challenging motions and other
adverse sensing conditions, such as non-line-of-sight (NLOS) measurements, is left for future work.

4.7.5 Results

We compare the proposed KILO-EKF against the three baseline EKF variants using the evaluation
metrics described above across the five folds. The distribution of errors and Mahalanobis distances is
summarized in Fig. 4.5, and the error plots for Fold 2 are shown in Fig. 4.6. Overall, CAD-EKF and
MisCAD-EKF exhibit larger errors and poorer consistency than the two data-calibrated approaches,
highlighting the sensitivity of analytical measurement models to calibration accuracy. In particular,
MisCAD-EKF demonstrates that even mild perturbations in the assumed tag or anchor geometry
lead to noticeable performance degradation.

Comparing the two data-driven approaches, KILO-EKF achieves performance that is consistently
comparable to, and in many cases better than, DataCal-EKF across all metrics. While both methods
reduce the impact of miscalibration, DataCal-EKF remains constrained by the parametric structure
of the analytical measurement model. In contrast, KILO-EKF learns a functional representation
of the measurement model, allowing it to capture additional nonlinearities and systematic effects
beyond geometric calibration alone. Depending on the fold and metric, this manifests as lower posi-
tion error, improved orientation accuracy, or more consistent covariance estimates, while remaining
competitive in the remaining dimensions.
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Figure 4.8: KILO-EKF inference time versus the number of SERFFs. Despite operating in a higher-
dimensional space, KILO-EKF maintains real-time performance. Its inference time remains comparable
to the three baselines, which all have similar inference times, even at 100 SERFFs.

Figure 4.9: Training time versus the percentage of training data. KILO-EKF, which trains in a single pass,
scales more favorably than DataCal-EKF, which relies on nonlinear least-squares calibration. As a result,
KILO-EKF fits the full dataset (about 200,000 measurements from roughly 30 minutes of data) in under
one second.

To further examine these trends, we conduct two ablation studies. First, Fig. 4.7a shows the
impact of varying the number of SERFFs on the average RMSEs of trajectories. When no random
features are used, the model relies solely on handcrafted structure and exhibits limited accuracy. As
the number of SERFFs increases, the error consistently decreases, and at 100 features, KILO-EKF
outperforms both baseline methods. This verifies that capturing additional nonlinearities beyond
what is encoded by the analytical model and handcrafted features alone is essential for this problem.
Second, Fig. 4.7b evaluates the effect of training data size. Increasing the amount of training data
steadily improves performance, and with the full 30-minute dataset, KILO-EKF surpasses both
baseline methods, highlighting the importance of data diversity for learning accurate models. In
both cases, improvements exhibit diminishing returns, suggesting a graceful trade-off between model
complexity, data volume, and accuracy.

Finally, we evaluate computational efficiency. The experiments are CPU-based implementations
run on an Intel Core i7-9750H Processor. As shown in Fig. 4.8, KILO-EKF maintains real-time
inference performance even with a large number of SERFFs, with runtimes comparable to the baseline
EKFs. More notably, Fig. 4.9 demonstrates that KILO-EKF scales favorably in training, fitting the



CHAPTER 4. KOOPMAN-INSPIRED FILTERING 29

full dataset in under one second due to its closed-form, least-squares-like formulation. This contrasts
with DataCal-EKF, which relies on iterative nonlinear optimization and incurs significantly higher
computational cost. Although DataCal-EKF converges reliably in our experiments, such nonlinear
calibration procedures can also be susceptible to local minima in more complex settings. In contrast,
KILO-EKF requires no initialization points and admits a one-shot solution for training.

4.8 Conclusion

We have presented KILO-EKF, a Koopman-inspired extension of the EKF in which the measurement
model is learned from data using a linear representation in a lifted feature space. By retaining
the standard process model and modifying only the measurement update, KILO-EKF naturally
supports Lie-group state spaces such as SE2(3). At the same time, it preserves the structure and
efficiency of classical filtering while enabling flexible, data-driven modeling of sensor behavior. We
have validated our approach on a real-world quadrotor dataset against multiple EKF baselines. The
results demonstrate the effectiveness of learned measurement models and the efficiency of the lifted
linear formulation, while maintaining real-time performance.

Possible extensions of this formulation include structured feature selection methods such as sparse
identification of nonlinear dynamics (SINDy) [68, 77] and online adaptation of the learned measure-
ment model. As well, the present KILO-EKF formulation targets low-dimensional ranging observa-
tions; extension to visual or dense LiDAR via feature-level representations is left for future work.
Within the context of this thesis, however, the more immediate next step is to broaden the role of
lifting in estimation itself. This chapter establishes the first central idea of the thesis: data-driven
Koopman-inspired lifting can be integrated into classical Gaussian inference without sacrificing geo-
metric structure. The next chapter builds on this idea by extending lifting beyond the measurement
model and beyond recursive filtering, enabling data-driven batch state estimation where both process
and measurement models are learned.
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Koopman-Inspired Smoothing

Chapter 4: Koopman-Inspired Filtering
Learn lifted measurement models for recursive state estimation

Chapter 5: Koopman-Inspired Smoothing
Learn lifted process and measurement models for batch estimation

Extend lifting to system dynamics

Figure 5.1: Conceptual progression from Chapter 4 to Chapter 5.

5.1 Summary of Contributions

This chapter extends the Koopman-inspired lifting framework of Chapter 4 from learning only mea-
surement models to learning both process and measurement models, allowing nonlinear state estima-
tion problems to be formulated using structured linear-Gaussian inference. It also provides a broader
perspective on lifting, connecting Koopman-inspired representations to kernel-based embeddings and
their finite-dimensional approximations. This chapter

• introduces a Koopman-inspired framework for learning lifted process and measurement models
directly from data,

• shows how the resulting learned models can be incorporated into a lifted structured state
estimation formulation with tractable mean and covariance recovery,

• empirically demonstrates the effectiveness of the approach on systems with complex dynamics
and sensing relationships, and

• connects Koopman-inspired lifting to kernel embeddings, providing a theoretical basis for using
RFF-based lifted representations to approximate rich function classes.

30
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Within the broader context of this thesis, this chapter generalizes the use of data-driven lifting from
sensing alone to full system-level estimation, providing the foundation for the localization and SLAM
methods developed in the following chapter.

Associated publication: Z. C. Guo, V. Korotkine, J. R. Forbes, and T. D. Barfoot, “Koopman
linearization for data-driven batch state estimation of control-affine systems,” IEEE Robotics and
Automation Letters, vol. 7, no. 2, pp. 866–873, 2022. doi: 10.1109/LRA.2021.3133587.

5.2 Motivation

In Chapter 4, we showed how data-driven lifting can be used to learn expressive measurement
models while preserving compatibility with classical recursive estimation. However, in many robotic
systems, estimation accuracy depends just as strongly on the process model, which is often difficult to
derive accurately from first principles. Real-world dynamics may be nonlinear, partially unknown,
or difficult to calibrate, and mismatch in the process model can significantly degrade estimation
performance [22].

This challenge is particularly important in batch state estimation, where the entire trajectory is
estimated jointly, with states coupled through the process model and all measurements incorporated
simultaneously [1]. For linear-Gaussian systems, both system identification and inference can be
performed efficiently within a common model class [1]. For nonlinear systems, however, both model
learning and estimation typically require problem-specific parameterizations and iterative inference
procedures [86], limiting scalability and generality.

Data-driven approaches offer a potential alternative. Neural network-based methods, such as
differentiable filters [2], are highly expressive but often sacrifice structure, making it difficult to retain
properties such as consistent uncertainty or efficient inference. Another class of approaches represents
nonlinear systems in higher-dimensional spaces, either through Koopman-inspired lifting or kernel-
based embeddings in a reproducing kernel Hilbert space (RKHS). However, existing Koopman-based
approaches for modeling system dynamics typically rely on problem-specific basis functions and often
assume linear lifted dynamics, whereas many robotic systems are control-affine and admit bilinear
lifted representations [13]. Moreover, prior to this work, there were no data-driven methods that cast
nonlinear state estimation into a clean batch framework with tractable mean and covariance recovery,
limiting their applicability in robotics. Kernel-based approaches, on the other hand, are capable of
representing a broad class of nonlinear functions. However, they suffer from poor scalability and are
therefore less commonly used in practice.

In this chapter, we extend the Koopman-inspired lifting framework to learn both process and
measurement models from data. The resulting Koopman State Estimator (KoopSE) approximately
recasts nonlinear state estimation as linear-Gaussian inference in a lifted space, preserving much of
the structure and efficiency of classical estimation while substantially expanding modeling flexibility.
In particular, this formulation

• is applicable to control-affine systems with little prior knowledge of the process and measure-
ment models,

• formulates the problem as a high-dimensional batch linear state estimation framework, which
admits solutions for state means and covariances, and

https://doi.org/10.1109/LRA.2021.3133587
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Linear state 
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Figure 5.2: Left: KoopSE concept flowchart. KoopSE uses training data to learn a high-dimensional system,
allowing inference to be done by solving a linear state estimation problem. Right: Experimental setup for
validating KoopSE. A Husky robot drives around in an indoor environment while receiving range measure-
ments from ultra-wideband (UWB) anchors and logging wheel odometry.

• has a training cost that scales linearly with the amount of data and an inference cost that is
independent of the amount of training data.

During the derivation of KoopSE, we also establish a connection between Koopman-inspired lift-
ing and kernel embeddings, providing a theoretical basis for the use of RFFs to approximate rich
function classes. This connection yields a practical mechanism for controlling the trade-off between
approximation accuracy and computational cost through the number of random features.

This chapter is structured as follows. After reviewing related work in Section 5.3, we summarize
theories for kernel embeddings in Section 5.4. We derive KoopSE through Sections 5.5-5.7, then
apply the RFF approximation in Section 5.8. We present experimental results in Sections 5.9 and
conclude in Section 5.10.

5.3 Related Work

Methods involving kernels and RKHSs are becoming increasingly common in machine learning and
robotics [46], enabling expressive nonparametric representations for nonlinear systems and proba-
bility distributions. Kernel mean embeddings allow probability distributions to be represented as
elements of an RKHS, enabling probabilistic inference directly in lifted feature spaces [50]. These
ideas led to the development of methods such as the kernel Bayes filter [51] and smoother [52].
Other kernelized approaches, including Gaussian process (GP) regression [47], have also been ap-
plied to data-driven state estimation [53]. Compared to kernel embedding methods, GP-based
approaches are often more computationally efficient and naturally provide probabilistic uncertainty
estimates [47]. However, many GP formulations assume additive Gaussian noise models, perform-
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ing poorly compared to kernel embedding methods for systems with multimodal noise [56]. More
broadly, kernel-based methods typically scale poorly with the number of training samples, often
incurring cubic training complexity and requiring approximations or compression of the training set
for practical inference [55, 87]. In addition, extending kernel embedding methods to systems with
control inputs remains a challenge.

In contrast to kernel embedding methods, Koopman-inspired methods operate directly on finite-
dimensional lifted representations [6, 7]. Finite-dimensional system matrices can often be learned
efficiently using methods such as EDMD [66, 67], yielding inference procedures whose computational
cost is independent of the amount of training data at test time. However, many existing approaches
rely on observables tailored to specific systems or applications [59, 11]. One work has shown [13]
that deterministic control-affine systems can be represented exactly as lifted bilinear systems under
Koopman operators using generic feature families such as polynomial or Fourier observables. Al-
though that work did not consider measurement models or probabilistic inference, this equivalence
forms the basis of the KoopSE framework developed in this chapter.

RFFs [84] provide finite-dimensional approximations to kernel functions through randomized
spectral representations. They have been effective in robotics applications including occupancy
mapping [88] and dynamics learning [89]. Within the Koopman literature, however, RFFs are often
used heuristically as lifting functions without explicitly leveraging their underlying connection to
kernel embeddings [63]. This chapter develops that connection, combining the expressiveness of
kernel-based representations with the computational efficiency of Koopman-inspired lifted inference.

5.4 Preliminaries

5.4.1 Reproducing Kernel Hilbert Space (RKHS) Embeddings

To provide a broader perspective on lifting, we review the fundamentals of kernel embeddings and
RKHS. This viewpoint allows us to relate Koopman-inspired lifting to RKHS embeddings, which
provide a general framework for representing complex probability distributions.

We begin with the general nonlinear system,

ξk = f(ξk−1,νk,ωk), (5.1a)

γk = g(ξk,ηk), (5.1b)

where ξk ∈ RNξ is the state, νk ∈ RNν the control input, ωk ∈ RNω the process noise, γk ∈ RNγ

the measurement output, and ηk ∈ RNη the measurement noise, all at timestep k. Analogous to
Koopman lifting, we embed the states, inputs, and measurements into a higher-dimensional space,

xk = pξ(ξk), uk = pν(νk), yk = pγ(γk), (5.2)

where pξ : RNξ → X , pν : RNν → U , and pγ : RNγ → Y are (possibly infinite-dimensional) feature
maps. In this section, we consider the case where X , U , and Y are RKHSs [49, 90], with pξ, pν ,
and pγ being feature maps associated with their respective kernels.

In contrast to RKHS embeddings, standard Koopman methods typically use explicit, finite-
dimensional lifting functions selected based on empirical performance [8]. By using the RKHS
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framework, however, we can embed entire distributions of random variables in the higher-dimensional
space. The distribution is embedded by the mean map [91],

µk = E[xk]. (5.3)

So long as the kernel associated with X is characteristic [91], the mean map is injective, and thus
uniquely represents probability distributions over ξk. This is a key advantage of RKHS embed-
dings: they enable distributions, rather than just expectations, to be represented in feature space.
While Koopman operators act linearly on observables, RKHS embeddings provide a complemen-
tary perspective in which distributions themselves can be embedded and manipulated using linear
structure.

Given a finite set of samples of a random variable ξ, the corresponding mean embedding can be
approximated empirically as µk ≈

∑M
i=0mk,ixi, where xi = pξ(ξi) and the weights mk,i depend on

how the samples are obtained. This can be written compactly as

µk ≈ Xmk, X =
[
x0 · · · xM

]
, mk =

[
mk,0 · · · mk,M

]⊤
. (5.4)

Thus, the mean embedding lies in the span of the embedded samples.
A key property of this representation is that expectations of functions can be computed directly

from the weights. In particular, for any function h(·), we have

E[h(ξk)] ≈
M∑
i=0

mk,i h(ξi). (5.5)

For estimation, this property allows moments of the original random variable to be recovered directly
from computations in the feature space, without requiring an explicit inverse mapping from the
RKHS back to the original space. To recover the first moment (mean), we set h(·) to the identity
function:

E[ξk] ≈
M∑
i=0

mk,iξi = Ξmk, Ξ =
[
ξ0 · · · ξM

]
. (5.6)

To recover the second moment (covariance), we can define a centered covariance map [91] similarly
to the mean map as

Σkℓ = E
[
(xk − µk)(xℓ − µℓ)⊤

]
, (5.7)

which can also represent any joint distribution over (ξk, ξℓ) provided the kernel associated with X
is characteristic. Given a finite set of samples from (ξk, ξℓ), we can approximate the covariance map
as Σkℓ ≈ XSkℓX

⊤, where Skℓ is a weight matrix that depends on how the samples were drawn.
To summarize, although RKHS embeddings are generally infinite-dimensional, they provide a

framework for representing and manipulating probability distributions in feature space, while al-
lowing quantities of interest to be recovered without explicitly inverting the embedding. The main
idea pursued in this chapter is to embed a control-affine system into such a feature space, where
it admits a bilinear representation. In Sections 5.5 and 5.6, we will proceed under the assump-
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tion that these embeddings can be accessed explicitly, even though pξ(·), pν(·), and pγ(·) may be
infinite-dimensional. We will later show in Section 5.8 how RFFs allow us to approximate these
infinite-dimensional embeddings in practice.

5.4.2 Lifting of Control-Affine Systems

In this section, we apply the RKHS embedding framework to control-affine systems, showing how
they can be lifted into a feature space where the dynamics admit a bilinear representation. We begin
with a control-affine system affected by process and measurement noise,

ξk = f0(ξk−1) +

Nν∑
i=1

fi(ξk−1)νk,i + ωk, (5.8a)

γk = g(ξk,ηk), (5.8b)

where ξk ∈ RNξ , νk =
[
νk,1 · · · νk,Nν

]⊤
∈ RNν , ωk ∈ RNξ , γk ∈ RNγ , ηk ∈ RNη represents the

same quantities as in the general nonlinear system in (5.1), and fi are the various components of
the dynamic model. We look to lift this system into an RKHS. With a sufficiently rich feature map,
pξ(·), a deterministic (i.e., ωk = 0) control-affine motion model can be written exactly as a bilinear
model in a lifted space [13],

xk = Axk−1 +Bνk +H (νk ⊗ xk−1) , (5.9)

where⊗ represents the tensor product, equivalent to the Kronecker product if X is finite-dimensional.
In the deterministic case, a control-affine model involves products of nonlinear functions of the robot
state and the input, but not products that are nonlinear in both. Such a model can be written exactly
as a lifted bilinear model [13]. In our stochastic case, we have also extended the assumption made in
Chapter 4 from the measurement model to the full system, modeling also the process model noise as
approximately Gaussian. Although this is approximate, the aggregation of multiple noise sources in
high-dimensional feature spaces often leads to distributions that are well-approximated as Gaussian
under the Central Limit Theorem. This assumption provides a tractable framework for learning and
inference in the lifted space. The original equivalence by [13] used the unlifted control input, νk, in
the lifted space, but we will use its lifted counterpart, uk, since the equivalence still holds if pν(·) is
sufficiently rich.

For the measurement model, we assume that the lifted model is linear in the deterministic case,

γk = g(ξk,ηk = 0) ⇒ yk = Dxk, (5.10)

and we make a similar additive-Gaussian assumption for the measurement noise. The resulting
time-invariant stochastic bilinear system in the lifted space can be written as

xk = Axk−1 +Buk +H (uk ⊗ xk−1) +wk, (5.11a)

yk = Dxk + nk, (5.11b)
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where wk ∼ N (0,Q) and nk ∼ N (0,R) are the process and measurement noises, respectively, and

wk ∈ X , nk ∈ Y, Q ∈ X × X , R ∈ Y × Y, (5.12a)

A : X → X , B : U → X , H : U ⊗ X → X , D : X → Y. (5.12b)

This lifted system with a bilinear motion model and a linear measurement model is significantly
easier to work with than the general control-affine system in (5.8). However, since we assumed the
system model is not given in either form (original or lifted), we first need a method of learning the
lifted model from data.

5.5 System Identification

5.5.1 Lifted Matrix Form of Dataset

Our objective is to learn the lifted system matrices A,B,H,D,Q,R in (5.11) from data. This train-
ing procedure is similar to that in Section 4.5.1 of the previous chapter, with the added complexity
of also learning the process model. To this end, we assume a dataset of the control-affine system,
including the groundtruth state transitions with their associated control inputs and measurements
for P states: {ξ−i , ξ

+
i ,νi,γi}Pi=1. Here, ξ−i transitions to ξ+i under input νi, and receives a measure-

ment γi at ξ+i . This format allows for data from one or multiple training trajectories to be used at
once. If the dataset consists of a single trajectory of P +1 states and i represents the timestep, then
we would set ξ−i = ξ+i−1. In any case, we start by writing the data in block-matrix form:

Ξ(−) =
[
ξ−1 · · · ξ−P

]
, Ξ(+) =

[
ξ+1 · · · ξ+P

]
, Γ =

[
γ1 · · · γP

]
, Υ =

[
ν1 · · · νP

]
.

(5.13)

The data translates to {x−
i ,x

+
i ,ui,yi}Pi=1 in the lifted space such that

x+
i = Ax−

i +Bui +H
(
ui ⊗ x−

i

)
+wi, (5.14a)

yi = Dx+
i + ni, (5.14b)

for some unknown noise, wi ∼ N (0,Q), ni ∼ N (0,R). We rewrite the lifted versions of the data
and the noises in block-matrix form:

X(−) =
[
x−
1 · · · x−

P

]
, X(+) =

[
x+
1 · · · x+

P

]
, Y =

[
y1 · · · yP

]
, (5.15a)

U =
[
u1 · · · uP

]
, W =

[
w1 · · · wP

]
, N =

[
n1 · · · nP

]
. (5.15b)

The lifted matrix form of the system for this dataset is

X(+) = AX(−) +BU+H (U⊙X(−)) +W, (5.16a)

Y = DX(+) +N, (5.16b)

where ⊙ denotes the Khatri-Rao (column-wise) tensor product.
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5.5.2 Loss function

We aim to optimize for the system matrices from the data by designing and minimizing a loss
function. Similar to the procedure in Section 4.5.1 in the previous chapter, the model learning
problem is posed as

{A⋆,B⋆,H⋆,D⋆,Q⋆,R⋆} = argmin
{A,B,H,D,Q,R}

V (A,B,H,D,Q,R), (5.17)

where the loss function is V = V1 + V2 with

V1 =
1

2
∥X(+) −AX(−) −BU−H (U⊙X(−))∥2Q−1

+
1

2
∥Y −DX(+)∥2R−1 −

1

2
P ln

∣∣Q−1
∣∣− 1

2
P ln

∣∣R−1
∣∣ , (5.18a)

V2 =
1

2
PτA ∥A∥2Q−1 +

1

2
PτB ∥B∥2Q−1 +

1

2
PτH ∥H∥2Q−1

+
1

2
PτD ∥D∥2R−1 +

1

2
PτQ tr(Q−1) +

1

2
PτR tr(R−1). (5.18b)

Similar to (4.15), ∥·∥W is the weighted Frobenius norm (4.16), V1 corresponds to the negative log-
likelihood of the data under Gaussian noise, and V2 corresponds to the negative log-priors on the
model parameters. Here, the first four terms of V2 encourage the description length of A, B, H, and
D to be minimal while the last two are (isotropic) inverse-Wishart (IW) priors for the covariances
Q and R. The regularizing hyperparameters, τA, τB , τH , τD, τQ, τR, are tuned according to data.

We find the critical points by setting derivatives of V with respect to the model parameters ( ∂V∂A ,
∂V
∂B , ∂V

∂H , ∂V
∂D , ∂V

∂Q−1 , and ∂V
∂R−1 ) to zero. We define

V = U⊙X(−), J = X(+) −AX(−) −BU−HV. (5.19)

This yields the following expressions:X(−)X
⊤
(−) + PτA1 X(−)U

⊤ X(−)V
⊤

UX⊤
(−) UU⊤ + PτB1 UV⊤

VX⊤
(−) VU⊤ VV⊤ + PτH1


A

⊤

B⊤

H⊤

 =

X(−)X
⊤
(+)

UX⊤
(+)

VX⊤
(+)

 , (5.20a)

D = (YX⊤
(+))(X(+)X

⊤
(+) + PτD1)

−1, (5.20b)

Q =
1

P
JJ⊤ + τAAA⊤ + τBBB⊤ + τHHH⊤ + τQ1, (5.20c)

R =
1

P
(Y −DX(+))(Y −DX(+))

⊤ + τDDD⊤ + τR1. (5.20d)

Thus, all matrices can be computed in closed form through a one-shot procedure: we first solve for
A, B, and H through solving a system of linear equations, then compute D, and then use these
results to compute Q and R. This procedure is linear in the amount of training data, P , for both
computation and storage.
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5.6 Batch Linear State Estimation

Having learned the system matrices from training data, we now wish to solve for a sequence of test
states, {ξk}Kk=0, given a series of inputs, {νk}Kk=1, and measurements, {γk}Kk=0. We do this in the
lifted space, where the quantities become {xk}Kk=0, {uk}Kk=1, and {yk}Kk=0, respectively. The main
insight is that since the inputs are completely determined at test time, we can manipulate the lifted
time-invariant bilinear form of (5.11) into a lifted time-varying linear form. We observe that

uk ⊗ xk−1 = (uk ⊗ 1)xk−1, (5.21)

where here 1 : X → X . The motion model for the test trajectory becomes, for k = 1, . . . ,K,

xk = Axk−1 +Buk +H (uk ⊗ 1)xk−1 +wk. (5.22)

As uk is given at test time, we define a new time-varying system matrix Ak−1 and input vk as

Ak−1 = A+H(uk ⊗ 1), vk = Buk. (5.23)

With this, we have converted the bilinear system into a linear time-varying (LTV) system:

xk = Ak−1xk−1 + vk +wk, k = 1, . . . ,K, (5.24a)

yk = Dxk + nk, k = 0, . . . ,K, (5.24b)

where wk ∼ N (0,Q) and nk ∼ N (0,R). This is the well-established batch state-estimation problem
on linear-Gaussian systems [1]. The solution is in the form of

xk ∼ N (x̂k, P̂k), k = 0, . . . ,K. (5.25)

Here, x̂k and P̂k are, respectively, the mean and covariance estimates for the test trajectory. There
are many efficient methods for solving (5.24), including the RTS smoother and sparse Cholesky-based
solvers [1]. In the present localization setting, the RTS smoother is convenient due to the chain-
structured temporal dependencies. More general sparse solvers, such as Cholesky factorization, will
become particularly useful in the next chapter when considering SLAM.

5.7 Recovering Estimates from Lifted Space

In lifted representations, a key challenge is recovering estimates in the original state space. The
feature space may be implicit and potentially infinite-dimensional, making direct recovery infeasible.
In our Koopman-inspired formulations developed in Chapter 4 and later in Chapter 6, this issue is
addressed by explicitly including the original state within the lifted representation. While effective,
we show that the structure of RKHS embeddings provides an alternative mechanism for recovering
estimates without such explicit inclusion. In the next section, this recovery mechanism also plays a
role in establishing the connection between kernel-based and Koopman-inspired formulations.

We have solved for the state estimates and covariances in the RKHS, and now wish to recover
these quantities in the original space. By the Representer Theorem [92], the solution of the quadratic
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batch estimation problem associated with the LTV system in (5.24) lies in the span of the training
data used to form the system matrices. We can thus write the state and covariance outputs of each
timestep as

x̂k = X(+)x
•
k, P̂k = X(+)P

•
kX

⊤
(+), (5.26)

where x•
k ∈ RP , P•

k ∈ RP×P consist of the appropriate weights. Here, we use X(+) as the spanning
basis, though one could equivalently parameterize the solution using X(−). We solve for the weights
using the left pseudoinverse with a small hyperparameter τx to regularize the inversion of X⊤

(+)X(+):

x•
k ≈ (X⊤

(+)X(+) + τx1)
−1X⊤

(+)x̂k, (5.27a)

P•
k ≈ (X⊤

(+)X(+) + τx1)
−1X⊤

(+)P̂kX(+)(X
⊤
(+)X(+) + τx1)

−1. (5.27b)

Now, by the properties of the mean map and the covariance map, these same weights can be used
to construct the mean states and covariances in the original space through the weighted linear
combination of training data,

ξ̂k = Ξ(+)x
•
k, Σ̂k = Ξ(+)P

•
kΞ

⊤
(+), (5.28)

where ξk ∼ N (ξ̂k, Σ̂k) is the state at timestep k. We can then solve for the state means and
covariances with

ξ̂k = Ξ(+)(X
⊤
(+)X(+) + τx1)

−1X⊤
(+)x̂k, (5.29a)

Σ̂k = Ξ(+)(X
⊤
(+)X(+) + τx1)

−1X⊤
(+)P̂kX(+)(X

⊤
(+)X(+) + τx1)

−1Ξ⊤
(+). (5.29b)

We define

Oξ = Ξ(+)X
⊤
(+)(X

⊤
(+)X(+) + τx1)

−1, Oξ : X → Nξ. (5.30)

While this expression is defined in the RKHS and may be infinite-dimensional, it admits a finite-
dimensional approximation in the next section, enabling efficient precomputation during training.
Using Sherman–Morrison–Woodbury (SMW) identities, (5.29) becomes

ξ̂k = Oξx̂k, Σ̂k = OξP̂kO
⊤
ξ . (5.31)

Note that (5.31) assumes that the original states are within a vector space. The states could instead
contain angles or other quantities on a circular domain. In this case, ξ̂k should be a weighted average
of circular quantities Ξ(+) with weights X⊤

(+)(X(+)X
⊤
(+) + τx1)

−1 computed as usual, since the RKHS
embeddings are within a vector space, and a similar weighted average is done for Σ̂k. We still use
(5.31) but slightly modify the computation of Oξ. See Section 5.9 for an example.
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5.8 Approximate Embeddings with Random Fourier Features

So far, we have been working in the RKHS space and using the feature maps directly. For many
kernels, however, these RKHS feature maps are very high (potentially infinite) dimensional. As it
is often unclear how to truncate the feature maps directly to get reasonable approximations, we
look for another form of approximate embeddings for pξ(·), pν(·), and pγ(·) such that the solution
computed through the algorithm approaches that from the true embeddings.

We notice that all of the RKHS quantities computed in our procedure appear only to be involved
in the form of inner products, X⊤X, or outer products, XX⊤. Although the inner product is closely
related to kernels, we look to avoid using only kernel evaluations for computation as this would
yield a cost of at least O(P 3). Thus, we turn to RFFs [84] for deriving approximate embeddings.
Suppose we have two quantities, ξi and ξj , in some state space, an operator, pξ(·), for lifting them
into RKHS embeddings, xi and xj , and the kernel function, κ, associated with this RKHS. We can
use x̆(·), the RFF embedding corresponding to κ, to approximate the kernel evaluation as

x⊤
i xj = pξ(ξi)

⊤pξ(ξj) = κ(ξi, ξj) ≈ x̆(ξi)
⊤x̆(ξj). (5.32)

We see that as long as any RKHS quantities within an expression are involved in the form of
inner products within the same space (i.e., kernelized), we can swap the exact RKHS embeddings
with their RFF embeddings for a valid approximation. We can freely manipulate RKHS quantities
within kernelized expressions for efficient computation, and replacing the RKHS embeddings with
RFF embeddings still yields a valid approximation.

5.8.1 Sketch that KoopSE is Kernelized

Since we use RFFs as approximate embeddings for pξ(·), pν(·), and pγ(·), our goal is to show that
KoopSE depends on the RKHS quantities only through kernelized operations, even if these forms
are not explicitly used for computation.

For training, the lifted training points are used to compute the bilinear system matrices in
(5.11). Using SMW identities, it can be shown that the analytical solution of (5.20) depends only
on kernelized quantities. Since X(−) and X(+) are both constructed from lifted training states
and typically span similar RKHS subspaces, we drop the distinction between them and use X for
notational simplicity in the remainder of this sketch. Then, the solutions can be written in the
generic kernelized form

A = XWAX
⊤, B = XWBU

⊤, H = XWHV⊤, (5.33a)

D = YWDX
⊤, Q = XWQX

⊤ + τQ1, R = YWRY
⊤ + τR1, (5.33b)

where WA, WB , WH , WD, WQ, and WR are kernelized matrices.
At test time, we assume that the initial condition, new control inputs, and new measurements

can be written as linear combinations of those seen in training:

x̌0 = Xwx̌,0, (5.34a)

uk = Uwu,k, k = 1, . . . ,K, (5.34b)
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yk = Ywy,k, k = 0, . . . ,K, (5.34c)

for weights wx̌,0, wu,k, and wy,k.
Then, from (5.23), the time-varying quantities have the form

Ak−1 = XWA,kX
⊤, vk = Xwv,k, k = 0, . . . ,K, (5.35)

for some kernelized matrices WA,k and wv,k.
Now, the LTV system (5.24) is solved exactly by the RTS smoother [1]. It can then be shown

through induction on the forward and backward passes that the resulting state means and covariances
have the forms

x̂k = Xwx̂,k, P̂k = XWP̂ ,kX
⊤ + ck1, (5.36)

for k = 0, . . . ,K, kernelized matrices wx̂,k, WP̂ ,k, and scalar ck.
Substituting these expressions into (5.29) shows that the recovered means and covariances in

the original space, ξ̂k and Σ̂k, also depend only on kernelized quantities. Therefore, from input to
output, KoopSE uses the RKHS quantities only through their kernelized forms.

For a more detailed sketch of the proof, see Appendix B.1.

5.8.2 Substituting with Random Fourier Features

As the algorithm is kernelized, we can approximate the kernel functions associated with embeddings
pξ(·), pν(·), and pγ(·) by directly swapping them with the respective finite-dimensional RFF em-
beddings on the original quantities. When P is large, this yields a much more efficient procedure
than using only kernel evaluations. We outline the procedure below, and we analyze the time and
memory complexity of the algorithm.

Let p̆ξ(·) : RNξ → RRx , p̆ν(·) : RNν → RRu , and p̆γ(·) : RNγ → RRy represent the RFF
embedding for ξ, ν, and γ, with Rx, Ru, Ry being the respective ranks of the approximation. For
training, we replace the RKHS embeddings with their RFF counterparts, denoted by (̆·):

x−
i ← x̆−

i = p̆ξ(ξ
−
i ), x+

i ← x̆+
i = p̆ξ(ξ

+
i ), ui ← ŭi = p̆ν(νi), yi ← y̆i = p̆γ(γi), (5.37)

where i = 1, . . . , P . The embedded training data in block-matrix form have sizes

X(−) ∈ RRx×P , X(+) ∈ RRx×P , Y ∈ RRy×P , U ∈ RRu×P , (5.38)

which are used to compute the now finite-dimensional system matrices of sizes

A ∈ RRx×Rx , B ∈ RRx×Ru , H ∈ RRx×(RxRu), (5.39a)

D ∈ RRy×Rx , Q ∈ RRx×Rx , R ∈ RRy×Ry , (5.39b)

through solving (5.20) with the embedded training data. Letting R = max(Rx, Ru, Ry), this proce-
dure has a computational complexity of O(PR3) and a memory complexity of O(PR2), both scaling
only linearly with the number of training points.
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For notational simplicity, we drop the breve notation in what follows and treat all quantities as
their finite-dimensional approximations. For testing, we similarly replace the initial condition, ξ̌0,
incoming control inputs, νk, and incoming measurements, γk, with their RFF embeddings, yielding
x̌0, uk, and yk. We form Ak−1 ∈ RRx×Rx and vk ∈ RRx using (5.23), then solve the LTV system
in (5.24) using a linear batch state estimator, yielding the state mean, x̂k, and covariance, P̂k, for
each timestep k = 0, . . . ,K. With an RTS smoother or a similarly efficient estimator, this procedure
has computation complexity O(KR3) and memory complexity O(KR2). Note that if we require a
filter solution for online state estimation, we can do only the forward pass, which is also kernelized.
Finally, we convert the results back into state space using (5.31).

Due to kernelization, although the RFF-equivalents of the RKHS variables and model matrices
likely look very different, the results for {ξ̂k, Σ̂k} converge to the true kernelized results as the ranks
of the approximations approach infinity. Note that Oξ can be precomputed during training. As
such, the overall computation and memory complexity of testing are still O(KR3) and O(KR2),
respectively, regardless of the amount of training data used. As mentioned before, the computation
of Oξ would need to be slightly modified if there were circular quantities in the original states. See
Algorithm 2 for a summary of the full algorithm.

In practice, we use SERFFs (4.21) as a general-purpose choice due to their strong empirical
performance and ability to approximate a broad class of smooth functions. Other kernels and
corresponding random feature constructions can be used to better capture problem-specific structure,
such as periodicity or non-smooth behavior. In our experiments in the next section, we will use
SERFFs for vector-space quantities and periodic kernels for angular components.

5.9 Experiments and Results

5.9.1 Problem Setup

KoopSE is evaluated on a control-affine system with a nonlinear measurement model in simulation,
then on an experimental dataset with a similar setup. The problem is estimating the positions
and headings of a wheeled robot driving in a 2D plane and receiving range measurements from five
ultra-wideband (UWB) sensors. For timestep k, the state, input, and measurement are, respectively,

ξk =
[
ξx,k ξy,k ξθ,k

]⊤
, νk =

[
uk ωk

]⊤
, γk =

[
rk,1 · · · rk,5

]⊤
, (5.40)

where (ξx,k, ξy,k) is the robot’s position, ξθ,k is its orientation, uk is its linear velocity, ωk is its
angular velocity, and rk,j is the range measurement from the robot to the jth UWB sensor. This
uses the common state estimation practice of using interoceptive measurements as inputs in the
process model [22]. This problem setup is identical to the 2D version of the setup in [1, S8.2].

For the state, we use a product of SERFFs for the robot’s position and RFFs for the periodic
kernel for its orientation. The formula for generating SERFFs is given in (4.21), and the formula
for the periodic RFFs can be found in [93]. The combined RFFs for the state is thus the Kronecker
product of the two RFF sets. For the input, we kept it as is since there were no improvements from
lifting it to higher dimensions, thereby using a linear kernel. We used SERFFs for the measurement.

Since orientation is on a circular domain, we take special care in computing the weighted average
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Algorithm 2: Koopman State Estimator (KoopSE)

Training:

Input: Training data {ξ−i , ξ
+
i ,νi,γi}Pi=1; lifting functions {pξ(·),pν(·),pγ(·)}; algorithm

hyperparameters {τA, τB , τH , τD, τQ, τR, τx}.

1. Stack training data into their block-matrix form with (5.13), yielding {Ξ(−),Ξ(+),N ,Γ}.

2. Embed {Ξ(−),Ξ(+),N ,Γ} into their lifted form, yielding {X(−),X(+),U,Y}.

3. Solve for model matrices {A,B,H,D,Q,R} using (5.20), and compute Oξ in (5.30).

Output: Process model matrices {A,B,H,Q}; measurement model matrices {C,R};
state recovery matrix {Oξ}.

Testing:

Input: Initial condition ξ̌0; control inputs {νk}Kk=1; measurements {γk}Kk=0.

1. Embed
{
ξ̌0, {νk}Kk=1, {γk}Kk=0

}
into their lifted form, yielding

{
x̌0, {uk}Kk=1, {yk}Kk=0

}
.

2. Compute time-varying quantities {Ak−1,vk}Kk=0 via (5.23).

3. Form LTV system in (5.24).

4. Solve for mean and covariance estimates, {x̂k, P̂k}Kk=0, with an efficient batch state
estimator (e.g., RTS smoother).

5. Convert {x̂k, P̂k}Kk=0 into the original space with (5.31), yielding {ξ̂k, Σ̂k}Kk=0.

Output: State means {ξ̂k}Kk=0; covariances {Σ̂k}Kk=0.

of states when recovering estimates via (5.31). We convert the orientations to their Cartesian form,

s+i = q(ξ+i ) =
[
ξ+x,i ξ+y,i cos(ξ+θ,i) sin(ξ+θ,i)

]⊤
, (5.41)

then use S(+) =
[
s+1 · · · s+P

]
instead of Ξ(+) in the computation of Oξ. When computing ξ̂k and

Σ̂k at test time, we first compute their Cartesian-form equivalents: ŝk = Oξx̂k, Σ̂s,k = OξP̂kO
⊤
ξ ,

giving us the Gaussian distribution of ξx,k, ξy,k, cos ξθ,k, and sin ξθ,k. We then use the method of
[44] to estimate the distribution of ξθ,k given the Gaussians of cos ξθ,k and sin ξθ,k.

Similar to Section 4.7.4 in the previous chapter, we use per-timestep RMSE to evaluate accuracy
and the normalized Mahalanobis distance (given in (4.28)) to evaluate consistency. An accurate
estimator has an RMSE close to 0, and a consistent estimator has a Mahalanobis distance close to
1. We tune the RFF parameters and the regularizing hyperparameters for KoopSE accordingly for
these objectives. We compare KoopSE against a model-based Lie-group RTS smoother, obtained
by augmenting the Lie-group EKF [1, S8.2] with a backward smoothing pass. Its model covariances
are tuned with the same objectives, including increasing the measurement covariances for the two
noisy sensors. KoopSE is first verified in simulation, then validated on an experimental dataset of
the same setup. We present our results for the two scenarios below.
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Figure 5.3: Per-axis errors of five test trajectories in simulation for KoopSE (left) and for the model-based
extended RTS smoother (right). The solid lines represent the errors of the estimated trajectories, and
the dashed envelopes represent the estimated 3σ bounds. Both errors are within the 3σ bounds, but the
model-based smoother has larger errors than KoopSE, especially for y where we can see a small bias for the
model-based smoother.

KoopSE (ours) Model-Based Smoother
Position RMSE [m] 0.026 0.053

Orientation RMSE [rad] 0.026 0.034
Position Maha. Distance 0.915 1.104

Orientation Maha. Distance 0.777 0.548

Table 5.1: Average RMSE and Mahalanobis distances of KoopSE and the model-based extended RTS
smoother on 100 trajectories of 1000 timesteps in simulation. The Mahalanobis distances of both esti-
mators are fairly close to 1, signifying that both algorithms are properly tuned under the ideal simulation
environment. However, KoopSE has lower RMSE than the model-based smoother for both position and
orientation.

5.9.2 Simulation Setup

For the simulation, we add a 20 cm unmodeled bias to two out of the five sensors, resulting in a UWB
error profile similar to that observed experimentally in Section 5.9.3. Training data is generated by
the robot roughly following randomly generated trajectories in an enclosed area. One hundred
trajectories of 1000 timesteps are used for evaluation, and the combined results are presented in
Table 5.1. The error plots for five trajectories are shown in Fig. 5.3. In Fig. 5.4, we present the
results of testing KoopSE on the five trajectories using various numbers of RFFs and number of
training data points, in comparison to the model-based smoother.
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Figure 5.4: RMSE of KoopSE on test trajectories in simulation for various numbers of RFFs (left) and
training data points (right). The dotted line represents the RMSE of the model-based smoother for both
vertical axes (position and orientation). With only 128 RFFs and 20000 training points, the performance
of KoopSE has already surpassed that of the model-based smoother, achieving much lower position RMSE
and comparable orientation RMSE.

5.9.3 Experimental Setup

Experiments in a lab setting using a Clearpath Husky Unmanned Ground Vehicle (UGV) are used
to validate the proposed approach. A 30-minute dataset of the UGV driving in an indoor environ-
ment is collected. Groundtruth positions and orientations are collected using an OptiTrack motion
capture system. The wheel odometry consisting of forward velocity and yaw rate is calculated from
wheel encoders. We used five UWB anchors transmitting range measurements, with two of the
anchors obstructed with metal plates representing clutter in the environment, creating additional
measurement bias on the order of 30 cm. A picture of the Husky and the anchors is shown in Fig. 5.2.

To validate the generality of KoopSE, we run a 6-fold cross-validation, training on 25 minutes of
data and testing on a random 100-second section of the remainder. The error plots for each fold are
shown in Fig. 5.5. The RMSE and Mahalanobis distances for the folds are shown in Fig. 5.6.

5.10 Results and Discussion

The results highlight the benefits of the data-driven approach. Table 5.1 and Fig. 5.3 show that in
simulation, KoopSE has lower errors than the model-based extended RTS smoother, which is ignorant
of the range biases, even though both methods are consistent. This shows that, despite having little
knowledge of the robot’s motion model, the UWB range measurement model, or the position of the
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Figure 5.5: Error plots of the 6 folds of the UWB experimental dataset for KoopSE (left) and the model-
based extended RTS smoother (right). The solid lines represent the errors of the estimated trajectories, and
the dashed envelopes represent the estimated 3σ bounds. The errors of KoopSE are smaller and bounded
by the 3σ bounds, while those of the model-based smoother are larger and often not bounded.

anchors, KoopSE outperforms the classical method when a small unmodeled measurement bias is
introduced. In fact, when the bias is removed, we found that KoopSE performed just as well as the
model-based smoother. In Fig. 5.4, the RMSE of KoopSE quickly decreases over the first 100 RFFs
and the first 10000 training points. KoopSE surpassed the classical smoother with only 128 RFFs
and 10000 training points (about 8 minutes), making it feasible for real-world applications.

The results on the experimental dataset validate our findings. As shown in Fig. 5.6, compared to
the model-based smoother, KoopSE has achieved lower translational RMSE and similar orientation
RMSE for all folds. Unlike for the simulation setting, tuning the covariance parameters of the
model-based smoother to achieve the lowest RMSE results in overconfident position estimates. This
is likely due to unmodeled effects in its motion or sensor models, which KoopSE overcame with its
model-free approach.

5.11 Conclusion

Overall, KoopSE provides an efficient framework for data-driven state estimation of control-affine
systems. By lifting the system into a higher-dimensional space, nonlinear dynamics can be approxi-
mated as bilinear-Gaussian, enabling state estimation using familiar linear tools. We demonstrated
its effectiveness on a nonlinear UWB tracking problem, highlighting its applicability in scenarios
with complex dynamics or unknown system models. One limitation of the current formulation is
that despite not requiring prior knowledge of the underlying system model, training requires access
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Figure 5.6: Errors and Mahalanobis distances for position and orientation for KoopSE and the model-based
extended RTS smoother on the 6 folds of the robot dataset. For position errors, KoopSE has a lower RMSE
and a more consistent Mahalanobis distance than the model-based smoother across all folds. For errors in
orientation, which is less affected by the UWB range measurements, KoopSE performs just as well as the
model-based smoother.

to groundtruth states. Future work could therefore investigate learning lifted system representations
directly from measurements and control inputs.

Within the broader context of this thesis, this chapter extends Koopman-inspired lifting from
learned measurement models to full system-level estimation. In contrast to the recursive filtering
setting of Chapter 4, this formulation enables batch estimation by learning both process and mea-
surement models within a unified lifted framework. More broadly, it shows that nonlinear state
estimation problems can be approximately recast as structured linear-Gaussian inference in a lifted
space, significantly expanding the role of data-driven lifting. This chapter also provides a theo-
retical interpretation of the lifting process, showing that Koopman-inspired representations can be
viewed as approximations to kernel embeddings, with RFFs offering a tractable finite-dimensional
realization.

A natural next step is to extend this framework to SLAM, where the robot trajectory and un-
known landmarks must be estimated jointly. In such settings, however, accurate estimation requires
more than expressive lifted models. When measurements are sparse or when multiple variables are
estimated jointly in the lifted space, the inferred quantities can deviate from the underlying lifted
manifold. In these settings, preserving manifold consistency becomes critical for accurate estimation.
A conceptual preview of these challenges is provided in Fig. 6.3. This motivates the next chapter,
where we extend Koopman-inspired lifted estimation to SLAM and develop methods for enforcing
consistency constraints in lifted estimation frameworks.



Chapter 6

Koopman-Inspired SLAM

Chapter 5: Koopman-Inspired Smoothing
Learn lifted process and measurement models for batch estimation

Chapter 6: Koopman-Inspired SLAM
Enable robust lifted localization and SLAM

through enforcing manifold constraints

Add landmarks and enforce consistency with the lifted manifold

Figure 6.1: Conceptual progression from Chapter 5 to Chapter 6.

6.1 Summary of Contributions

This chapter extends the lifted estimation framework of Chapter 5 from trajectory estimation to
full SLAM. In doing so, it reveals an important consideration that arises in these richer estimation
settings: accurate inference requires the lifted variables to remain consistent with the underlying
lifted manifold.

To address this, we develop the Reduced Constrained Koopman Linearization (RCKL) framework
for data-driven localization and SLAM. This chapter

• extends Koopman-inspired lifted estimation to the joint inference of robot states and landmark
locations,

• introduces a constrained estimation framework that enforces consistency with the lifted mani-
fold during optimization, and

• demonstrates experimentally that these constraints enable accurate data-driven localization
and SLAM in settings where unconstrained lifted estimation degrades.

Within the broader context of this thesis, this chapter shows that preserving consistency with
the lifted manifold is essential for reliable Koopman-inspired estimation. By incorporating such

48
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constraints, lifted methods become more robust in challenging estimation settings, enabling their
extension to practical localization and mapping problems.

Associated publication: Z. C. Guo, F. Dümbgen, J. R. Forbes, and T. D. Barfoot, “Data-driven
batch localization and SLAM using Koopman linearization,” IEEE Transactions on Robotics, vol. 40,
pp. 3964–3983, 2024. doi: 10.1109/TRO.2024.3443674.

6.2 Motivation

Chapter 5 showed that Koopman-inspired lifting can be used for data-driven state estimation when
the relevant environment structure is known. In many real-world settings, however, robots must
operate in previously unseen environments, estimating their trajectory while simultaneously building
a map of the surrounding landmarks. Extending lifted estimation to SLAM is therefore a natural
and practically important next step.

The need for data-driven SLAM is especially relevant in systems where collecting data is easier
than deriving accurate process or measurement models. For sensing modalities such as UWB [78],
RFID [79], or contact-rich manipulation [94], the procedure for modeling and/or solving the esti-
mation problem can be far more involved than the data-gathering process. A data-driven SLAM
framework therefore offers an attractive alternative to conventional model-based estimation pipelines.

In this chapter, we develop the RCKL framework for data-driven localization and SLAM. The
framework

• learns a high-dimensional bilinear system model from data without requiring prior models,

• is applicable to systems with control-affine dynamics,

• solves for the unknown states and landmark positions with an inference cost that scales linearly
with the number of timesteps, and

• has a training cost that scales linearly with the amount of data and an inference cost that is
independent of the amount of training data.

RCKL extends KoopSE by supporting localization with landmarks at new positions at test
time, and by enabling SLAM when landmark locations are unknown. It further enforces manifold
consistency through constrained optimization over the manifolds induced by the lifting functions,
and solves the resulting problem efficiently by formulating an SQP at each iteration [28].

Given a robot with unknown nonlinear dynamics and measurements, the system model may first
be learned in a controlled setting with ground truth data. The learned model can then be deployed
in the field using RCKL-SLAM to estimate new landmarks, after which RCKL-Loc can be used for
localization against the resulting map. See Fig. 6.2 for a preview of the outputs of RCKL-Loc and
RCKL-SLAM on a real-world dataset.

This chapter is structured as follows. We review related work in Section 6.3 and discuss lifting
the system in Section 6.4. We outline the model-learning procedure in Section 6.5. We then build
up the design of RCKL through Sections 6.6-6.8, where we discuss the procedure and limitations of
Unconstrained Koopman Linearization (UKL) in Section 6.6, Constrained Koopman Linearization
(CKL) in Section 6.7, and finally RCKL in Section 6.8. We present experimental results in Section 6.9
and conclude in Section 6.10.

https://doi.org/10.1109/TRO.2024.3443674
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Figure 6.2: Visualization of the trajectory output of RCKL-Loc (left), and the trajectory and landmark
output of RCKL-SLAM (right), on Experiment 2 described in Section 6.9.4, showing the estimators’ mean
states and mean landmark positions compared to the groundtruth. The green regions and the grey regions
are, respectively, the 3σ covariances of the trajectory and of the landmarks. The estimators’ trajectories
and landmarks are close to the groundtruth and are within the estimated 3σ bounds, despite the algorithm
having little prior knowledge of the system models.

6.3 Related Work

Koopman-inspired methods have been widely explored for system identification [8, 9], control [11,
7, 12], and more recently state estimation [14, 15, 16, 17]. Related lifted system-identification meth-
ods based on kernels and Koopman-inspired representations often yield well-conditioned linear-like
learning problems in lifted spaces [95, 96, 71]. However, most existing estimation approaches have
been validated only on relatively small simulation problems or short-horizon filtering tasks. Applica-
tions to large-scale batch estimation problems such as localization and SLAM remain comparatively
limited, and incorporating learned lifted models into classical nonlinear estimation frameworks can
be challenging when the lifted representations are noisy or high dimensional [1].

In the previous chapter, we introduced KoopSE as a Koopman-inspired framework for lifted batch
state estimation using linear-Gaussian inference. However, KoopSE models all measurements jointly
within a fixed training environment, requiring landmarks to remain at the same positions during
deployment and preventing direct application to SLAM. Furthermore, extending lifted estimation to
larger optimization problems such as SLAM introduces additional structural challenges that require
constrained optimization in the lifted space. This chapter addresses these limitations by developing
data-driven formulations for localization and SLAM that maintain consistency with the underlying
lifted manifold during optimization.
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6.4 Lifting the Full System

In this section, we generalize the Koopman lifting framework to our systems of interest, which include
noisy process and measurement models. Unlike in the previous chapter, we explicitly include the
landmark position in the measurement model. We focus on systems with process and measurement
models of the form

ξk = f(ξk−1,νk,ωk) = f0(ξk−1) +

Nν∑
i=1

fi(ξk−1)νk,i + ωk, (6.1a)

γk,j = g(ξk,ψj ,ηk,j) =

Ng,ξ∑
i=1

Ng,ψ∑
m=1

gξ,i(ξk)πψ,m(ψj) + ηk,j , (6.1b)

where ξk ∈ RNξ is the robot state, νk ∈ RNν the control input, ωk ∈ RNω the process noise, all
at timestep k. ψj ∈ RNψ is the position of landmark j, γk,j ∈ RNγ the measurement of ψj at
timestep k, and ηk,j ∈ RNη the measurement noise for γk,j . fi are the various components of the
process model, and gξ,i, πψ,m are the various components of the measurement model. Similar to the
previous chapter, we focus on systems with a control-affine process model (6.1a) since the model can
be written exactly as a lifted bilinear model when the system is noiseless [13]. In the same spirit,
we have also chosen a measurement model of the form (6.1b), where it is nonlinear in the state and
the landmark position but not both, such that the model can be exactly written as a lifted bilinear
model. Many common robot process and measurement models can be written in this form.

The problem of localization is to estimate the states, ξk, given a series of inputs, νk, landmark
positions, ψj , and measurements, γk,j . The problem of SLAM is to estimate the states while moving
the landmark positions to the list of unknowns: estimate ξk and ψj given only νk and γk,j . Both
problems are difficult when the models, fi, gξ,i, πψ,m, are nonlinear, and especially so if the models
are inaccurate or unknown. Rather than solving these problems directly, we first embed each of the
states, inputs, landmarks, and measurements into high-dimensional spaces,

xk = pξ(ξk), uk = pν(νk), ℓj = pψ(ψj), yk,j = pγ(γk,j), (6.2a)

where

pξ : RNξ → X , pν : RNν → U , pψ : RNψ → L, pγ : RNγ → Y, (6.3a)

are the embeddings associated with the manifolds X , U , L, and Y, respectively. While the previous
chapter established a connection between lifting and kernel embeddings, the SLAM setting consid-
ered here introduces additional structure and, as shown later in this chapter, the need to enforce
consistency constraints. These requirements are most naturally handled using explicit lifted vari-
ables, and we therefore adopt finite-dimensional embeddings in this chapter. In practice, the insights
from the previous chapter still guide the choice of embeddings. In our experiments in Section 6.9,
we still use RFFs as they provide a flexible and principled way to construct these representations,
while retaining an implicit connection to kernel-based formulations. In any case, for the remainder
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of the chapter, we assume that the manifolds are within finite-dimensional vector spaces:

X ⊆ RNx , U ⊆ RNu , L ⊆ RNℓ , Y ⊆ RNy , (6.4)

and let N = max(Nx, Nu, Nℓ, Ny).
For the process model, we follow the same lifting procedure as in the previous chapter, where the

control-affine model becomes a bilinear-Gaussian model in the lifted space. That is, (6.1a) becomes

xk = Axk−1 +Buk +H (uk ⊗ xk−1) +wk. (6.5)

Again, this lifting is exact in the deterministic case [13], whereas here we also have assumed that
any noise becomes approximately Gaussian in the lifted space. In the same spirit, we now lift the
measurement model in (6.1b) so that it also becomes bilinear in the deterministic case,

γk,j = g(ξk,ψj ,0) ⇒ yk,j = D(ℓj ⊗ xk), (6.6)

and assume that the noise from a stochastic measurement model can also be modeled as additive-
Gaussian noise. This results in the full lifted system,

xk = Axk−1 +Buk +H (uk ⊗ xk−1) +wk, (6.7a)

yk,j = D(ℓj ⊗ xk) + nk,j , (6.7b)

where wk ∼ N (0,Q) and nk,j ∼ N (0,R) are the process and measurement noises, respectively, and

A : X → X , B : U → X , H : U ⊗ X → X , D : L ⊗ X → Y, (6.8a)

wk ∈ X , nk,j ∈ Y, Q ∈ X × X , R ∈ Y × Y, (6.8b)

where Q and R are symmetric positive definite. Note that for a closer parallel to the process model,
the measurement model would contain three terms, yk,j = D1xk +D2ℓj +D3(ℓj ⊗ xk) + nk,j , and
the subsequent derivations would still follow through. However, the extra terms had little effects
during the experimental evaluation, and therefore the one-term version is presented for simplicity.

We will see in Section 6.6 that it is significantly easier to work with the lifted bilinear system
in (6.7) than with the original nonlinear system in (6.1). To proceed, we first learn the lifted models
from data.

6.5 System Identification

6.5.1 Lifted Matrix Form of Dataset

Our objective is to learn the lifted system matrices A,B,H,D,Q,R in (6.7) from data. This
learning procedure follows the approach in Section 6.5 of the previous chapter, with the addition
of explicit landmark positions. We assume a dataset of the control-affine system in (6.1), including
the groundtruth state transitions with their associated control inputs for P states: {ξ−i , ξ

+
i ,νi}Pi=1.

Here, ξ−i transitions to ξ+i under input νi. We also assume a dataset of the associated landmark
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measurements: {{γi,j ,ψi,j}βij=1}Pi=1. Here, βi is the number of landmarks seen at timestep i, ψi,j is
the position of the jth landmark at timestep i, and γi,j is the measurement received from landmark
ψi,j at state ξ+i . This format allows for data from multiple training trajectories to be used at once,
and also allows us to combine datasets with different landmark positions. We write the data in
block-matrix form:

Ξ(−) =
[
ξ−1 · · · ξ−P

]
, Ξ(+) =

[
ξ+1 · · · ξ+P

]
, Υ =

[
ν1 · · · νP

]
, (6.9a)

Γ =
[
γ1,1 · · · γ1,β1

· · · γP,1 · · · γP,βP

]
, (6.9b)

Ψ =
[
ψ1,1 · · · ψ1,β1 · · · ψP,1 · · · ψP,βP

]
. (6.9c)

The data lifts to {x−
i ,x

+
i ,ui}Pi=1 and {{yi,j , ℓi,j}βij=1}Pi=1 in the embedded space such that

x+
i = Ax−

i +Bui +H
(
ui ⊗ x−

i

)
+wi, (6.10a)

yi,j = D(ℓj ⊗ x+
i ) + ni,j , (6.10b)

for some unknown noise, wi ∼ N (0,Q), ni,j ∼ N (0,R). We rewrite the lifted versions of the data
and the noises in block-matrix form:

X(−) =
[
x−
1 · · · x−

P

]
, X(+) =

[
x+
1 · · · x+

P

]
, (6.11a)

U =
[
u1 · · · uP

]
, W =

[
w1 · · · wP

]
, (6.11b)

Y =
[
y1,1 · · · y1,β1

· · · yP,1 · · · yP,βP

]
, (6.11c)

L =
[
ℓ1,1 · · · ℓ1,β1

· · · ℓP,1 · · · ℓP,βP

]
, (6.11d)

N =
[
n1,1 · · · n1,β1

· · · nP,1 · · · nP,βP

]
, (6.11e)

X̐ =
[
x+
1 · · · x+

1︸ ︷︷ ︸
β1

· · · x+
P · · · x+

P︸ ︷︷ ︸
βP

]
, (6.11f)

where we defined X̐ as the states duplicated based on the number of landmarks seen at each timestep.
We also define S =

∑P
i=1 βi as the total number of measurements. Then, X(−), X(+), U, W are all

P columns wide, while Y, L, N, X̐ are all S columns wide. With these definitions, the lifted matrix
form of the system for (6.10) is

X(+) = AX(−) +BU+H (U⊙X(−)) +W, (6.12a)

Y = D(L⊙ X̐) +N. (6.12b)

6.5.2 Loss Function

Similar to Section 5.5.2 in the previous chapter, we optimize for the system matrices from the
data by designing and minimizing a loss function, this time including the landmark positions. The
model-learning problem is posed as

{A⋆,B⋆,H⋆,D⋆,Q⋆,R⋆} = argmin
{A,B,H,D,Q,R}

V (A,B,H,D,Q,R), (6.13)
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where the loss function is V = V1 + V2 with

V1 =
1

2
∥X(+) −AX(−) −BU−H(U⊙X(−))∥2Q−1

+
1

2

∥∥Y −D(L⊙ X̐)
∥∥2
R−1 −

1

2
P ln

∣∣Q−1
∣∣− 1

2
S ln

∣∣R−1
∣∣ , (6.14a)

V2 =
1

2
PτA ∥A∥2Q−1 +

1

2
PτB ∥B∥2Q−1 +

1

2
PτH ∥H∥2Q−1

+
1

2
SτD ∥D∥2R−1 +

1

2
PτQ tr(Q−1) +

1

2
SτR tr(R−1), (6.14b)

Similar to (5.18), V1 represents the negative log-likelihood of data, and V2 contains prior terms. The
regularizing hyperparameters, τA, τB , τH , τD, τQ, τR, can be tuned to maximize performance.

We find the critical points by setting the derivatives of V with respect to the model parameters
( ∂V∂A , ∂V∂B , ∂V

∂H , ∂V
∂D , ∂V

∂Q−1 , and ∂V
∂R−1 ) to zero. We define

VQ = U⊙X(−), JQ = X(+) −AX(−) −BU−HVQ, (6.15a)

VR = L⊙ X̐, JR = Y −DVR. (6.15b)

This yields the following expressions that can be solved for A, B, D, and H:X(−)X
⊤
(−) + PτA1 X(−)U

⊤ X(−)V
⊤
Q

UX⊤
(−) UU⊤ + PτB1 UV⊤

Q

VQX
⊤
(−) VQU

⊤ VQV
⊤
Q + PτH1


A

⊤

B⊤

H⊤

 =

X(−)X
⊤
(+)

UX⊤
(+)

VQX
⊤
(+)

 , (6.16a)

D = (YV⊤
R)(VRV

⊤
R + SτD1)

−1, (6.16b)

after which we obtain

Q =
1

P
JQJ

⊤
Q + τAAA⊤ + τBBB⊤ + τHHH⊤ + τQ1, (6.16c)

R =
1

S
JRJ

⊤
R + τDDD⊤ + τR1. (6.16d)

The time complexity of solving for A, B, H, Q and R is O(N3(P + S)), which is linear in the
number of training samples for fixed lifted dimension N .

6.5.3 Data Augmentation

If training data is scarce, system invariances can be exploited when known. The general system
in (6.7) allows the model behavior to vary arbitrarily with the states and landmark locations, but
this flexibility is often unnecessary. For example, a robot may exhibit similar motion across different
regions of a room, and a range sensor may depend only on the relative configuration between
the robot and landmarks. Although incorporating invariances directly into (6.7) is an interesting
direction for future work, here we instead use data augmentation [97] to improve model accuracy.
We generate additional samples by perturbing the data according to known invariances and include
them in the dataset matrices in (6.9). See our experiments in Section 6.9 for details.

Data augmentation is particularly useful in the SLAM setting. While earlier chapters also involve
bilinear interactions (e.g., between state and control input in the process model), in practice these are
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easier to learn due to the limited variability of inputs and smoother system dynamics. In contrast,
the SLAM measurement model depends on the joint configuration of the robot state and a potentially
large number of landmarks, and is often more complex than the process model. This significantly
increases the effective dimensionality of the learned mapping. As a result, substantially more data is
required to achieve good generalization, making data augmentation especially beneficial for SLAM.

6.6 Unconstrained Koopman Linearization (UKL)

We now outline the procedure to set up and solve a batch estimation problem with UKL. This
approach is in the same spirit as KoopSE in Chapter 5, which solves batch state estimation with fixed
landmarks through unconstrained optimization. UKL generalizes KoopSE in that the formulation
includes new landmark positions at test time, allowing for general localization (UKL-Loc) when the
test landmarks are known but differ from those used during training, and also allowing for SLAM
(UKL-SLAM) when the test landmarks are unknown. We then discuss the limitations of using the
minimum-cost solution of UKL, and how it leads to the introduction of manifold constraints for CKL,
presented in the next section. Although the constraints turn out to be crucial for performance, we
start by outlining UKL as it serves as a basis for CKL.

6.6.1 UKL Batch Estimation Problem Setup

Having learned the system matrices from training data in Section 6.5, we now move to an environment
with a new set of landmarks, {ψj}Vj=1, where we wish to solve for a sequence of states, {ξk}Kk=0,
given a series of inputs, {νk}Kk=1, and measurements, {{γk,j}Vj=1}Kk=0. If the landmarks are all
known, the problem is simply localization. If any landmarks are unknown, the problem is SLAM
and we also wish to estimate the unknown landmarks. We do this in the lifted space, where the
quantities become {ℓj}Vj=1, {xk}Kk=0, {uk}Kk=1, and {{yk,j}Vj=1}Kk=0, respectively. Following a similar
procedure as in Section 6.6 in the previous chapter, we simplify the bilinear process model of (6.7a)
into a linear model using the inputs at test time. Observe that uk ⊗ xk−1 = (uk ⊗ 1)xk−1. Then,
we define a new time-varying system matrix, Ak−1 = A+H(uk ⊗ 1), and a new input, vk = Buk.
With this, we have a system in which the process model is linear-Gaussian:

xk = Ak−1xk−1 + vk +wk, k = 1, . . . ,K, (6.17a)

yk,j = D(ℓj ⊗ xk) + nk,j , k = 0, . . . ,K, j = 1, . . . , V, (6.17b)

where wk ∼ N (0,Q) and nk,j ∼ N (0,R). As the input is always given at test time, this form
applies to both localization and SLAM.

We now describe the process for solving UKL-SLAM, then briefly outline UKL-Loc as a special
case of UKL-SLAM. A more efficient method for solving UKL-Loc using the RTS smoother [1] is
described in Appendix C.1.

6.6.2 Solving UKL-SLAM

If some or all landmarks are unknown, we can solve for both the poses and the unknown landmarks
by formulating and solving a batch linear SLAM problem. We first describe the case where all
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landmark positions are unknown and the robot receives a measurement from every landmark at
each timestep, and later describe how to modify the method to allow for variations in the problem.
As is often done, we assume that x0 is known in order to render a unique solution to the SLAM
problem. We define

x =
[
x⊤
1 · · · x⊤

K

]⊤
, ℓ =

[
ℓ⊤1 · · · ℓ⊤V

]⊤
, v =

[
v⊤
1 · · · v⊤

K

]⊤
, (6.18a)

y =
[
y⊤
1 · · · y⊤

K

]⊤
, yk =

[
y⊤
k,1 · · · y⊤

k,V

]⊤
, (6.18b)

where the italic quantities x, ℓ, v, and y denote stacked batch quantities. This notation convention
is used throughout the remainder of this chapter. The pose errors and measurement errors are,
respectively,

ev,k(xk) = (Ak−1xk−1 + vk)− xk, ey,k,j(xk, ℓj) = D(ℓj ⊗ xk)− yk,j . (6.19)

We can formulate the cost function as

J(x, ℓ) =
1

2

K∑
k=1

ev,k(xk)
⊤Q−1ev,k(xk) +

1

2

K∑
k=1

V∑
j=1

ey,k,j(xk, ℓj)
⊤R−1ey,k,j(xk, ℓj), (6.20)

or, in block-matrix form,

J(q) =
1

2
e(q)⊤W−1e(q), (6.21)

where

q =

[
x

ℓ

]
, W =

[
Q 0

0 R

]
, (6.22a)

Q = diag(Q, . . . ,Q), R = diag(R, . . . ,R), (6.22b)

e =

[
ev

ey

]
, ev =


ev,1

...
ev,K

 , ey =


ey,1

...
ey,K

 , ey,k =


ey,k,1

...
ey,k,V

 . (6.22c)

Note that the sparsity pattern in W implicitly represents a co-visibility graph, since there are only
entries corresponding to process priors among adjacent poses, or measurements from poses to visible
landmarks. The UKL-SLAM optimization objective is

min
q

J(q). (6.23)

Note that although J(q) is quadratic with respect to e, it is generally non-quadratic with respect
to q, and thus (6.23) cannot be solved in one shot. However, we can still use classical Gauss-
Newton optimization to efficiently solve (6.23) iteratively by exploiting sparsity structures. See
Appendix C.1.1 and Appendix C.1.2 for details on solving (6.23) with classical Gauss-Newton. The
optimal update, δq, can be computed in complexity O(N3(V 3+V 2K)) when we have more timesteps
than landmarks, or O(N3(K3 + K2V )) when we have more landmarks than timesteps. We then
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update the operating point with

xop ← xop + αδx, ℓop ← ℓop + αδℓ, (6.24)

for a step size α. An appropriate step size can be found using a backtracking line search [28].
Iterating until convergence yields (x⋆, ℓ⋆), or q⋆ in batch form.

The distribution of the batch system’s solution is q ∼ N (q̂, P̂q), where q̂ =

[
x̂

ℓ̂

]
and P̂q =[

P̂x P̂xℓ

P̂⊤
xℓ P̂ℓ

]
. We have the batch mean from the Gauss-Newton solution: q̂ = q⋆. We can com-

pute the individual distributions for xk and ℓj as follows. The means, x̂k and ℓ̂j , are simply the
corresponding blocks from x̂ and ℓ̂. As a feature of classical Gauss-Newton SLAM, we can also
compute the covariances, P̂x,k and P̂ℓ,j , without raising the computation complexity of SLAM.
See Appendix C.1.2 for details on computing covariances. The final output is xk ∼ N (x̂k, P̂x,k),
ℓj ∼ N (ℓ̂j , P̂ℓ,j).

6.6.3 Recovering Estimates from Lifted Space

After solving for the lifted means and covariances of the states and landmarks, we now convert them
back into the original space. We define the block structures of the means and covariances of states
and landmarks in the original space for future reference:

ζ =
[
ξ⊤ ψ⊤

]⊤
, ζ ∼ N (ζ̂, Σ̂ζ), ξ ∼ N (ξ̂, Σ̂ξ), ψ ∼ N (ψ̂, Σ̂ψ), (6.25a)

ξ =
[
ξ⊤1 · · · ξ⊤K

]⊤
, ψ =

[
ψ⊤

1 · · · ψ⊤
V

]⊤
, ξk ∼ N (ξ̂k, Σ̂ξ,k), ψj ∼ N (ψ̂j , Σ̂ψ,j). (6.25b)

Thus, for localization, our goal is to recover the distribution of the robot trajectory, ξ, while for
SLAM, we seek the joint distribution of the trajectory and landmarks, ζ.

In general, recovering ξk from xk involves a retraction step [72]. However, in Section 6.7, we
will restrict the lifting functions to include the original variables as the top parts of the lifted states
similar to (4.19) in Chapter 4. The recovery procedure for the states then becomes simply picking
off the top part of x̂k to get ξ̂k, and picking off the top-left block of P̂x,k to get Σ̂x,k. The procedure
for the landmarks is analogous.

6.6.4 Other UKL Estimation Problems

We can leverage the flexibility of classical Gauss-Newton SLAM to handle variations to UKL-SLAM,
including localization and mapping as special cases. It is possible that yk,j is missing, meaning the
robot does not receive a measurement from ℓj at timestep k. Or, it is possible that a pose, xk, or
a landmark position, ℓj , is known. In both cases, we can modify (C.7) to incorporate missing or
known variables without affecting complexity. See Appendix C.1.1 for more details. If all of the
landmarks are known, SLAM reduces to localization (i.e., UKL-Loc). If all of the robot poses are
known, SLAM reduces to mapping. In both of these cases, the cost in (6.21) becomes quadratic
in the remaining unknowns, and using the sparse Cholesky solver (see Appendix C.1.2) yields the
minimum-cost solution after just one iteration.
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6.6.5 Limitations of Unconstrained Optimization in Lifted Spaces

This section discusses one of the core themes of this chapter: why UKL, and unconstrained op-
timization of lifted variables in general, may not be sufficient in some scenarios. In the previous
chapter, we explored a similar unconstrained formulation for localization (KoopSE), where the lifted
state is estimated without enforcing manifold constraints. As we have seen, KoopSE performs well
when measurements are sufficiently informative. However, this behavior does not extend to scenarios
with less informative measurements, nor to the SLAM setting. We show how the lack of manifold
constraints can lead to very poor minimum-cost solutions in UKL, motivating the introduction of
such constraints for CKL in the next section.

At first, UKL seems tempting. Solving localization and SLAM through unconstrained optimiza-
tion is straightforward and the solution can be found in one shot. However, observe that there are
no conditions that enforce the solution to be on the manifold defined by the lifting functions. In the
case of UKL-Loc, we automatically enforce that uk ∈ U , yk,j ∈ Y, ℓj ∈ L, as these quantities are
given and are directly lifted at test time. However, there is no guarantee that the minimum-cost
solution of (6.21) satisfies x∗

k ∈ X . Similarly, for UKL-SLAM, there is no guarantee that x∗
k ∈ X

and ℓ∗j ∈ L. In both cases, the minimum-cost solution could be very far from the lifting-function
manifold. This can be problematic because the trained models are likely poor for governing the be-
havior of off-manifold states and landmarks. The states and landmarks within the training data are
always on the manifold since they are being lifted from data (6.9) to their lifted versions in (6.11).
If the minimum-cost solution for (6.21) happens to be far away from the manifold, the estimates
may not be reflective of the training data. See Fig. 6.3 for a conceptual illustration of this manifold
deviation issue.

For localization, our experiments suggest that the minimum-cost solution of UKL-Loc tends to
remain sufficiently close to the manifold when measurements are frequent, as illustrated in the top
row of Fig. 6.3. In the simulations in Section 6.9, we see that the UKL-Loc trajectory outputs
are nearly as good as those of the model-based localizers. We hypothesize that the measurements
are favoring estimates near the manifold, although the precise mechanism remains unclear. When
measurements are sporadic, however, the intervals between measurement updates allow the learned
process model to propagate the estimate far from the manifold. This is illustrated in the middle row
of Fig. 6.3. Thus, although unconstrained Koopman localization can work in scenarios where the
measurements are regular, such as the experiments in Section 5.9 in the previous chapter, it often
struggles with sporadic measurements.

On the other hand, the minimum-cost solutions of UKL-SLAM tend to yield poor trajectory and
landmark estimates, with both variable types deviating substantially from their respective manifolds.
As illustrated in the bottom row of Fig. 6.3, pose–landmark correspondences appear to compound
the deviation effect by coupling jointly optimized off-manifold poses and landmarks. This trend
appears to be present regardless of the type or dimension of the lifting functions used in (6.2).
Figure 6.4 visualizes UKL-Loc and UKL-SLAM outputs on a dataset with sporadic measurements.

The manifold deviation is related to a known challenge of finding Koopman-invariant subspaces
for Koopman process models [67]. For a noiseless system, a Koopman-invariant subspace is such that
any on-manifold state stays on the manifold after passing through the lifted process model. For our
case, this means that given lifting functions pξ and pµ, the original process model, ξk = f(ξk−1,µk),
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UKL (no manifold constraints) (R)CKL (with manifold constraints)

UKL-Loc with Regular Measurements

Estimates tend to be near the manifold. Performs well.

Mxx1
x2

x3

x4

x5

(R)CKL-Loc with Regular Measurements

Estimates are enforced to be on the manifold. Performs well.

Mxx1
x2

x3

x4

x5

UKL-Loc with Sparse Measurements

Off-manifold drift can cause large estimation errors. Can fail.

Mxx1
x2

x3

x4

x5

(R)CKL-Loc with Sparse Measurements

Estimates are enforced to be on the manifold. More stable.

Mxx1
x2

x3

x4

x5

UKL-SLAM

Estimated poses and landmarks are off the manifolds. Often fails.

Mx

Mℓ

x1

x2

x3

x4

ℓ1 ℓ2

(R)CKL-SLAM

Estimates are enforced to be on the manifold. Performs well.

Mx

Mℓ

x1

x2

x3

x4

ℓ1 ℓ2

Groundtruth Trajectory UKL Trajectory (R)CKL Trajectory

Groundtruth Landmark UKL Landmark (R)CKL Landmark

Lifted Manifold Measurement

Figure 6.3: Conceptual illustration of the effects of enforcing manifold consistency in lifted localization
and SLAM. The shaded surfaces represent the lifted manifolds, Mx and Mℓ. Groundtruth and (R)CKL
estimates lie on their corresponding manifolds, whereas UKL estimates are not constrained to do so. Manifold
constraints are particularly beneficial for localization with sparse measurements and for SLAM, where poses
and landmarks are jointly estimated. See Section 6.6.5 for further discussion.
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Figure 6.4: Visualization of the trajectory output of UKL-Loc (left), and the trajectory and landmark output
of UKL-SLAM (right), on Experiment 2 described in Section 6.9.4, showing the estimators’ mean states and
mean landmark positions compared to the groundtruth. The pink lines show the landmark correspondences
between the groundtruth and the output of UKL-SLAM. We observe that the trajectory estimate of UKL-Loc
is poor, which we typically see when the measurements are sporadic. For UKL-SLAM, both the trajectory
and the landmark estimates are poor, which we typically see regardless of the regularity of measurements.

can be written exactly as a lifted model, xk = Axk−1 +Buk +H(uk ⊗ xk−1), such that

xk ∈ X ∀xk−1 ∈ X , ∀uk ∈ U . (6.26)

Finding Koopman-invariant subspaces for real-world control problems is challenging and an active
area of research [73, 74, 10, 98]. In the literature, the Koopman operator framework is commonly
used for problems with short time horizons such as model-predictive control [12], where the mani-
fold deviations are small and can be removed by a retraction step. For example, we could drop the
solution back into the original space and then re-lift it at the beginning of a new time window [71,
72]. However, the solution quality deteriorates with longer time horizons [70]. In our case, ensuring
invariance is further complicated with the addition of measurement models and unknown lifted land-
marks. For batch optimization over long time horizons such as in SLAM, we find that reprojections
cannot sufficiently improve the solution quality after converging to an off-manifold solution.

There is some work on converting nonlinear state-estimation problems into high-dimensional
formulations with only linear constraints [14, 15]. However, these formulations assume noiseless
systems and ideal, potentially infinite-dimensional Koopman operators, assumptions that cannot
generally be satisfied in practice. They also do not address the learned lifted representations and
long-horizon joint state–landmark estimation considered here. As a result, such approaches have yet
to be demonstrated on real-world datasets.

In the next section, we solve the same estimation problem for the system (6.7), with the addition
of constraints to enforce the solution to be on the manifold of the lifting functions.
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6.7 Constrained Koopman Linearization (CKL)

In this section, we present the setup and the solution process for CKL. We present the setup of
the optimization problem, the conversion to an SQP, and finally the algorithm for solving the
SQP in linear time. We first focus on CKL-SLAM, where we reuse much of the development
for UKL-SLAM. We then show the necessary modifications for other CKL estimation problems
including dead reckoning, mapping, and localization (CKL-Loc), followed by a note on reasonable
SQP initializations for these problems.

6.7.1 CKL-SLAM Problem Setup

For CKL-SLAM, the optimization objective is identical to (6.23), with the added constraint that
the solution must lie on the manifold of the lifting functions. The objective is

min
q

J(q)

s.t. xk ∈ X , k = 1, . . . ,K,

ℓj ∈ L, j = 1, . . . , V,

(6.27)

where J(q) is defined in (6.21). To simplify the form of the constraints, we enforce that the estimated
quantities’ lifting functions, pξ(·) and pℓ(·), consist of the original quantities stacked on top of the
actual lifted features:

xk = pξ(ξk) =
[
ξ⊤k p̃ξ(ξk)

⊤
]⊤

=
[
ξ⊤k x̃⊤

k

]⊤
, (6.28a)

ℓj = pψ(ψj) =
[
ψ⊤
j p̃ψ(ψj)

⊤
]⊤

=
[
ψ⊤
j ℓ̃⊤j

]⊤
, (6.28b)

where

p̃ξ : RNξ → RNx−Nξ , p̃ψ : RNψ → RNℓ−Nψ . (6.29)

We can write the manifold constraints as equality constraints:

xk ∈ X ⇒ hx(xk) = x̃k − p̃ξ(ξk) = 0, (6.30a)

ℓj ∈ L ⇒ hℓ(ℓj) = ℓ̃j − p̃ψ(ψj) = 0. (6.30b)

The optimization objective in (6.27) becomes

min
q

J(q)

s.t. h(q) = 0,
(6.31)

where

h(q) =

[
hx(x)

hℓ(ℓ)

]
, hx(x) =


hx(x1)

...
hx(xK)

 , hℓ(ℓ) =


hℓ(ℓ1)

...
hℓ(ℓV )

 . (6.32)
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This objective is identical to the UKL-SLAM objective (6.23) with the manifold constraints added.
Note that h(q) is generally nonlinear, but it has an exploitable structure: each of the blocks in hx(x)
can be nonlinear but affects only one robot state, and each of the blocks in hℓ(ℓ) affects only one
landmark. This blockwise structure is important for solving the optimization problem efficiently.

6.7.2 Solving CKL-SLAM with a Sequential Quadratic Program

We formulate an SQP [28] to solve (6.31). The Lagrangian is

L(q,λ) = J(q)− λ⊤h(q), (6.33)

where λ is the Lagrange multiplier. Given the Lagrangian, we can solve for the SQP’s optimal
update, (δq, δλ). The solution process involves similar matrix structures as the unconstrained
problem in (6.23). See Appendix C.1.3 for more details on the SQP formulation for CKL-SLAM.
We then update the operating point of the primal variable and the multiplier as

qop ← qop + αδq, λop ← λop + αδλ, (6.34)

with an appropriate step size α. With (6.31) containing the same J(q) as (6.23) and a blockwise
structure on h(q), we can extend the sparsity exploitation process of UKL-SLAM to CKL-SLAM.
With this, we can use the nullspace method [28] to efficiently solve the optimal update in the same
time complexity as the unconstrained problem: O(N3(V 3 + V 2K)) when we have more timesteps
than landmarks, or O(N3(K3 + K2V )) when we have more landmarks than timesteps. See Ap-
pendix C.1.4 for details.

To extract the covariances of the estimates, Σ̂ξ,k and Σ̂ψ,j , we need to take into account the effect
of the added constraints. We show in Appendix C.1.5 that at convergence, the batch covariance of
the lifted variable is

P̂q = Z(Z⊤FZ)−1Z⊤, (6.35)

and the batch covariance of the original variable satisfies

Σ̂−1
ζ = Z⊤FZ, (6.36)

where F is the Gauss-Newton approximation of the Hessian of the Lagrangian [43, §2], [99, §3.2],
Z = null(S) is a matrix constructed by a basis of the nullspace of S, and

S =
∂h

∂q

∣∣∣∣
qop

(6.37)

is the Jacobian of the constraints at the converged solution1. We can then use a similar procedure
as for UKL-SLAM to extract the required covariances from Σ̂−1

ζ . This can be done without raising
the computational complexity of SLAM.

1Note that the definition of S here differs by a transpose from that used in the next chapter, where constraints are
instead written in the form S⊤x = c. The convention in this chapter is adopted to align with the standard SQP/KKT
formulation, which is more natural for the derivations presented in Appendix C.1.4.
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6.7.3 Other CKL Estimation Problems and SQP Initializations

CKL-SLAM can be easily modified for other estimation problems including dead reckoning, local-
ization (CKL-Loc), and mapping. We would make similar adjustments to the cost as described in
Section 6.6.4 for UKL-SLAM, and also analogous adjustments to the constraints. For all of these
problems, the matrix sparsity structures are preserved, and we can still use the nullspace method to
efficiently solve the SQP. See Appendix C.1.6 for details on these other problems.

In the presence of nonlinear constraints, dead reckoning, mapping, localization, and SLAM are
all nonlinear optimization problems, and good initial points are often required to avoid convergence
to local minima. For dead reckoning, mapping, and localization, we acquire an initial point by
dropping the constraints (i.e., the UKL solution). For SLAM, we initialize the robot trajectory by
dead reckoning, then initialize the landmarks by mapping from the dead-reckoned trajectory. See
Appendix C.1.7 for details on the SQP initialization process.

6.8 Reduced Constrained Koopman Linearization (RCKL)

With the manifold constraints introduced, CKL-SLAM yields much better results than UKL-SLAM.
However, as we will show, CKL is sensitive to poorly fit process models of the lifted features. As
a result, CKL’s outputs are often still less accurate than those of the model-based methods under
experimental evaluation. We introduce RCKL, a framework that further improves upon CKL by
removing the portion of the learned process model that tends to be poorly fit. We first present the
derivation of RCKL, and then discuss our hypothesis for its improvement over CKL.

6.8.1 Reducing the Koopman Process Model

Starting with CKL, we analyze the Koopman process model in (6.7a) with the form of the lifting
function, pξ(·), enforced in (6.28a). We break down A, B, and H into two components:

A =
[
A⊤
ξ Ã⊤

]⊤
, B =

[
B⊤
ξ B̃⊤

]⊤
, H =

[
H⊤
ξ H̃⊤

]⊤
, (6.38)

where

Aξ ∈ RNξ×Nx , Bξ ∈ RNξ×Nu , Hξ ∈ RNξ×NxNu , (6.39a)

Ã ∈ R(Nx−Nξ)×Nx , B̃ ∈ R(Nx−Nξ)×Nu , H̃ ∈ R(Nx−Nξ)×NxNu . (6.39b)

Then, the process model (6.7a), along with the form of pξ(ξk) in (6.28a), yields

ξk = Aξxk−1 +Bξuk +Hξ(uk ⊗ xk−1) +wξ,k, (6.40a)

x̃k = Ãxk−1 + B̃uk + H̃(uk ⊗ xk−1) + w̃, (6.40b)

where wk =

[
wξ,k

w̃k

]
∼ N

(
0,

[
Qξ Qξx

Q⊤
ξx Qx

])
.

If there are no constraints in place, both models are necessary to fully determine xk. With
the manifold constraints introduced, however, (6.40a) alone is sufficient to determine xk, since the
constraint hx(xk) = 0 in (6.30a) enforces that x̃k = p̃ξ(ξk). This means that when (6.40b) is a poor
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model, we can use (6.40a) to only determine the original state variables, and let the lifting-function
constraints determine the lifted features.

To clarify, the lifted features are still used in the process model of (6.40a) as part of the previous
state, xk−1, but just not determined by the model for the current state. Note that reducing the
model does not break the theoretical justifications mentioned in Section 6.4, including the fact that
the conversion of a control-affine model to a lifted bilinear model is exact in the noiseless case.

To train the reduced process model, we train for Aξ,Bξ,Hξ,Qξ. The procedure is similar to the
one described in Section 6.5, except that the transitioned state is not lifted in the process model.
That is, the model in (6.10) becomes

ξ+i = Aξx
−
i +Bξui +Hξ

(
ui ⊗ x−

i

)
+wi, (6.41a)

yk,j = D(ℓj ⊗ x+
i ) + ni,j , (6.41b)

where x+
i is replaced with ξ+i in the process model. After making similar modifications to the loss

function in (6.14), the solutions for Aξ,Bξ,Hξ,Qξ can be found with

VQ = U⊙X(−), JQ = Ξ(+) −AξX(−) −BξU−HξVQ, (6.42a)X(−)X
⊤
(−) + PτA1 X(−)U

⊤ X(−)V
⊤
Q

UX⊤
(−) UU⊤ + PτB1 UV⊤

Q

VQX
⊤
(−) VQU

⊤ VQV
⊤
Q + PτH1


A

⊤
ξ

B⊤
ξ

H⊤
ξ

 =

X(−)Ξ
⊤
(+)

UΞ⊤
(+)

VQΞ
⊤
(+)

 , (6.42b)

Qξ =
1

P
JQJ

⊤
Q + τAAξA

⊤
ξ + τBBξB

⊤
ξ + τHHξH

⊤
ξ + τQ1. (6.42c)

At test time, we modify the time-varying quantities defined in (5.23),

Aξ,k−1 = Aξ +Hξ(uk ⊗ 1), vk = Bξuk, (6.43)

and modify error functions in (6.19) to be

ev,k(xk) = (Aξ,k−1xk−1 + vk)− ξk, ey,k,j(xk, ℓj) = D(ℓj ⊗ xk)− yk,j , (6.44)

where the pose error is modified to weigh only the ξk component of xk, while the measurement error
is still using the full set of features in xk. The cost function is modified from (6.20) to be

J(x, ℓ) =
1

2

K∑
k=1

ev,k(xk)
⊤Q−1

ξ ev,k(xk) +
1

2

K∑
k=1

V∑
j=1

ey,k,j(xk, ℓj)
⊤R−1ey,k,j(xk, ℓj), (6.45)

which can be written in the familiar block-matrix form of J(q) = 1
2e(q)

⊤W−1e(q) in (6.21). This
means that the RCKL-SLAM objective has the same form as the CKL-SLAM objective in (6.32).
To solve for q, we can follow the same procedure as in Section 6.7.2. The SQP iterations have the
same complexity, possibly with a smaller constant factor owing to the reduced process model. See
Algorithm 3 for a summary of the training and testing procedures for RCKL-Loc and RCKL-SLAM.
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Algorithm 3: Reduced Constrained Koopman-Linearized (RCKL) Localization and SLAM.

Training:

Input: Training data: process model data {ξ−i , ξ
+
i ,νi}Pi=1 and measurements with

associated landmark positions {{γi,j ,ψi,j}βij=1}Pi=1; lifting functions
{pξ(·),pν(·),pψ(·),pγ(·)}; hyperparameters {τA, τB , τH , τD, τQ, τR}.

1. Stack the training data into block-matrix form (6.9), yielding {Ξ(−),Ξ(+),Υ,Γ,Λ}.

2. Lift the training data using the chosen embeddings (6.11), yielding {X(−),X(+),U,Y,L, X̐}.

3. Learn the reduced process model {Aξ,Bξ,Hξ,Qξ} and the measurement model {D,R} by
solving (6.42).

Output: Reduced process model {Aξ,Bξ,Hξ,Qξ}; measurement model {D,R}.

Testing:

Input: Initial estimate or initialization procedure; control inputs {νk}Kk=1; measurements
{{γk,j}Vj=1}Kk=0; landmark positions {ψk,j}Vj=1 which are either known values for
localization or unknown variables for SLAM.

1. Lift the given inputs and measurements, yielding {uk}Kk=1 and {{yk,j}Vj=1}Kk=0. If a
landmark position, ψj , is known, lift it to obtain ℓj .

2. Initialize an SQP with {q(0), λ(0)}, where the primal variable, q(0), is an initial estimate
consisting of the lifted robot poses and any unknown lifted landmarks, using the procedure
described in Section 6.7.3.

3. Repeat until q(i) converges:

(a) Form the reduced time-varying process quantities Aξ,k−1 and vk using (6.43), and
construct the residuals ev,k(xk) and ey,k,j(xk, ℓj) using (6.44).

(b) Linearize the manifold constraints h(q) = 0 at q(i), yielding the constraint Jacobian
S = ∂h

∂q |q=q(i) .

(c) Solve the SQP update using the nullspace method to obtain {δq, δλ}, where
δq =

[
δx⊤ δℓ⊤

]⊤ contains the lifted pose and landmark updates, and δλ is the
Lagrange multiplier update. See Appendix C.1.3 and Appendix C.1.4 for details on
solving for the update in linear time.

(d) Update {q(i),λ(i)} using {δq, δλ} via (6.34), yielding {q(i+1),λ(i+1)}.

4. Extract {ξ̂k}Kk=0 and {ψ̂j}Vj=1, the original pose and landmark means, by picking off the

appropriate entries from the converged lifted mean q̂ =
[
x̂⊤ ℓ̂⊤

]⊤
.

5. Compute the required covariances using (6.36).

Output: State estimates {ξ̂k}Kk=0; landmark estimates {ψ̂j}Vj=1 when applicable;
associated covariance estimates.

6.8.2 Theoretical Justification of RCKL

For the experimental scenarios presented in Section 6.9, RCKL’s process model always performs
better than CKL’s model. See Fig. 6.5 for a visual example of noiseless dead reckoning with UKL,
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Figure 6.5: UKL vs. CKL vs. RCKL in noiseless dead reckoning. We train the three estimators on noiseless
data corresponding to Simulation 1 described in Section 6.9.1, then compare their dead-reckoning outputs
on a noiseless test trajectory. UKL’s output is on top of groundtruth at first but eventually drifts off as
the states deviate from the feature manifold. CKL’s output remains on the feature manifold, but solution
is worsened by the poor process models on the features. Meanwhile, RCKL stays on the manifold and its
output corresponds to the groundtruth almost exactly.

CKL, and RCKL, where RCKL’s output is much closer to the groundtruth trajectory. We now
discuss our hypothesis for this improvement in performance.

The main difference between RCKL and CKL is that RCKL avoids fitting a model for the
evolution of the lifted features. A poor process model of the features would negatively affect the
whole system through the constraints. In our experiments, we see that when a model contains all of
the lifting functions required to fit the system, adding extraneous lifting functions to CKL degrades
its performance. Even when x̃k−1 is essential for determining ξk in (6.40a), its own evolution to x̃k

in (6.40b) may be poor, which would affect ξk through the constraint hx(xk) = x̃k − p̃ξ(ξk) = 0.
This concept is related to how Koopman invariance (6.26) can be difficult to satisfy especially

for the process models of the lifted features. See [67, p. 263] for an example of where the Koopman
representation of even a simple system becomes intractable when using polynomial features. The
higher-order polynomials added require even higher-order polynomials to fit their own process model,
ad infinitum.

After selecting the features from a large pool of possible lifting functions, we find that the linear
process models on the features tend to be poorly fit. RCKL, in contrast, fits a linear model on
only the original variables and relies on the nonlinear manifold constraints for the evolution of the
features. Assuming that we have enough training data to avoid overfitting, adding more lifting
functions in RCKL would only add more expressiveness for fitting the model.

Note that RCKL’s reduced model follows the same spirit as the original SINDy algorithm [68]. For
a nonlinear system, ξk = f(ξk−1), SINDy optimizes for a sparse A and a low-dimensional pξ(·) such
that the model can be written as ξk = Apξ(ξk−1). That is, SINDy identifies the nonlinear functions
in pξ(·) necessary to reconstruct the original system. This form is similar to our reduced process
model in (6.41a) with pξ as the lifting function. However, SINDy’s nonlinear model is not originally
compatible with Koopman methods (without constraints). Instead, many Koopman methods use
a modified version of SINDy to reconstruct pξ(ξk) = Apξ(ξk−1) [77], which is essentially finding
the full process model. With the manifold constraints introduced, the reduced model is once again
possible for Koopman systems.

One potential drawback of RCKL is that for some systems, the process model of some features
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could be simpler to construct than that of the original variables. In this case, a hybrid method could
be used. As this is likely problem-specific, we leave the investigation of this idea for future work.

6.9 Experiments and Results

We evaluate the performance of the Koopman estimators for localization and SLAM in two simulation
scenarios and on two real-world datasets. We investigate the performance of UKL, CKL, and RCKL
in simulation, and focus on RCKL on the datasets, owing to its superior performance in simulation.
We compare our results with those of a classical model-based nonlinear batch estimator optimized
using Gauss-Newton [1, §8/9]. We term this estimator “MB” for model-based. To demonstrate the
advantages of our data-driven approach, we also compare with a classical estimator where the model
parameters are imperfect, and we term this estimator “MBI” for model-based imperfect. We will
show that our Koopman estimators can outperform MBI by learning the model parameters. Both
the Koopman estimators and the model-based estimators follow the initialization procedure outlined
in Section 6.7.3: initializing with dead reckoning for localization, and initializing with mapping from
dead reckoning for SLAM.

To evaluate accuracy, we compute the RMSE of an estimator’s mean output. To evaluate con-
sistency, we compute the normalized trajectory-level Mahalanobis distance of an estimator’s mean
and covariance outputs. This metric measures the consistency of the entire batch solution and is
defined as

dtraj =
√

(δζ)⊤Σ̂−1
ζ (δζ)/N, (6.46)

where δζ is the estimation error with respect to the groundtruth, Σ̂−1
ζ is the estimated information

matrix, and N is the number of degrees of freedom in the system. In contrast to the step-wise
Mahalanobis distance in (4.28) used in the previous two chapters, here δζ, Σ̂−1

ζ , and N correspond
to the entire trajectory and map jointly. This distinction is particularly important in SLAM, where
correlations between the trajectory and landmarks are significant, and the consistency of the full
system is of interest. As mentioned in Section 6.7.2, we can exploit sparsity to efficiently compute
Σ̂−1
ζ even for our large-scale batch problem.

For evaluating SLAM, we first perform an alignment step where the groundtruth is aligned to the
output trajectory through a rigid transformation before computing the RMSEs and the Mahalanobis
distances. This is because SLAM estimates a relative map of the trajectory and landmarks, and the
global SLAM error within the frame of the first pose is usually of lesser interest.

In the experiments below, we once again use SERFFs [84] for their experimentally determined
high performance [63] and, as seen in Chapter 5, for their connection to the squared-exponential
kernel. See (4.21) for the formulas to generate SERFFs. The SERFF hyperparameters can be tuned
based on data if necessary. Below, we use the notation zx(x) to denote the SERFFs for input x.

6.9.1 Simulation Setup

For both simulation scenarios, the setup consists of a robot driving in a 2D plane, receiving measure-
ments from landmarks scattered around the plane. We evaluate localization and SLAM on 100 test
instances, each with a 1000-timestep trajectory and 10 landmarks. The measurements are scaled
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by a constant factor of µ = 1.05, which our Koopman estimators learn from data. We compare the
performance of the Koopman estimators against MB, whose measurement model uses the correct
value of µ = 1.05, and MBI, whose measurement model uses µ = 1. To clarify, MB and MBI are
using the same raw data, but they are doing estimation with slightly different prior measurement
models, thus affecting their solutions. See [1, §8/9] for how the prior measurement models are used
for computing costs and Jacobians in classical Gauss-Newton estimation.

Simulation 1: Unicycle Model, Range Measurements

The inputs for the unicycle model [100] are the translational and rotation speeds of the robot, and
the measurements are distances. For timestep k and landmark j, the robot state, input, landmark
position, and measurement are, respectively,

ξk =
[
ξx,k ξy,k ξθ,k

]⊤
, νk =

[
uk ωk

]⊤
, ψj =

[
ψx,j ψy,j

]⊤
, γk,j = µrk,j , (6.47)

where (ξx,k, ξy,k) is the robot’s global position, ξθ,k is the robot’s global orientation, uk is the robot’s
linear speed, ωk is its angular speed, (ψx,j , ψy,j) is the landmark’s global position, rk,j is the range
measurement from the robot to the jth landmark, and µ is the constant scaling factor. Contrary to
the assumption made in (6.28), the state is not within a vector space since it includes orientation
as a circular quantity. As such, we convert it to an augmented state, ξ

′

k, with the substitutions
ξcos θ,k = cos ξθ,k and ξsin θ,k = sin ξθ,k. For CKL and RCKL, we introduce an additional state
constraint, hξ(ξ′k) = ξ2cos θ,k + ξ2sin θ,k − 1 = 0. See Appendix C.1.8 for more details on handling the
orientation. We used SERFFs for the state, the landmark position, the measurements, and input:

ξ′k =


ξx,k

ξy,k

ξcos θ,k

ξsin θ,k

 , pξ′ (ξ
′

k) =



ξ
′

k

zx,y(ξx,k, ξy,k)

zcos θ,sin θ(ξcos θ,k, ξsin θ,k)

zx,cos θ(ξx,k, ξcos θ,k)

zx,sin θ(ξx,k, ξsin θ,k)

zy,cos θ(ξy,k, ξcos θ,k)

zy,sin θ(ξy,k, ξsin θ,k)


, (6.48a)

pψ(ψj) =

[
ψj

zψ(ψj)

]
, pγ(γk,j) =

[
γk,j

zγ(γk,j)

]
, pν(νk) =

[
νk

zν(νk)

]
, (6.48b)

where for the state, SERFFs are constructed on all possible pairs of variables in ξ′k rather than
constructing zξ′(ξx,k, ξy,k, ξcos θ,k, ξsin θ,k). We find this form to be sufficient for our environment,
avoiding the burden of a much higher-dimensional lifted state and the need for substantially more
training data to prevent overfitting.

Simulation 2: Bicycle Model, Range-Squared Measurements

The setup is the same as for Simulation 1, except that the robot has a bicycle process model [101]
and the measurement is the squared range (to show the generalizability of our data-driven methods):

νk =
[
uk ϕk

]⊤
, γk,j = µr2k,j , (6.49)
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where uk is still the linear speed but ϕk is the steering angle of the bicycle’s front axle. The lifting
functions used are in the same form as in (6.48) except for the input, for which we account for the
circular input of ϕk by using

pν(νk) =
[
uk cosϕk sinϕk zu,cosϕ,sinϕ(uk, cosϕk, sinϕk)

⊤
]⊤

. (6.50)

6.9.2 Simulation Results Discussion

The results for Simulation 1 and Simulation 2 are shown in Fig. 6.6. We see that MB tends to have
the lowest errors for localization and SLAM, whereas RCKL has similar or slightly higher errors.
This outcome is expected since the models and the noise distributions are perfectly known for MB,
whereas the Koopman estimators have learned the model through noisy data. However, RCKL
has similar or better accuracy compared to MBI, demonstrating the advantages of the data-driven
approach. In addition, while the model-based estimators, MB and MBI, encounter local minima in
both localization and SLAM, RCKL appears to encounter local minima much less frequently. This
suggests that another potential benefit of reformulating nonlinear estimation problems in a lifted
space is improved convergence properties.

To further understand the observed convergence behavior, we verify the optimality of our solu-
tions by running each optimization problem twice: the first time using the standard initialization
procedure described in Section 6.7.3, and the second time initializing at groundtruth. Through this
procedure, we can identify the presence of local minima when the first solution (standard initial-
ization) has a higher cost than the second solution (groundtruth initialization). Global optimality
is harder to verify, since computing globally optimal estimates is typically prohibitively expensive
even for moderately sized problems. In our case, we assume that the groundtruth initialization
converges near the global minimum for the considered noise levels. Under this assumption, a global
minimum has likely been reached when both runs produce the same cost2. This procedure allows
us to systematically assess the presence of local minima, supporting our observations regarding the
improved convergence behavior of RCKL over MB and MBI.

For the other Koopman estimators, we see that UKL-Loc is viable in our environment where a
measurement is received from every landmark at every timestep. However, UKL-SLAM is not at all
viable, and only becomes viable when the constraints are added to yield CKL-SLAM. CKL still has
higher errors than the model-based estimators, MB and MBI. It becomes comparable to MB only
for RCKL, that is, after the reduced process model is employed.

6.9.3 Experiment 1: Indoor Navigation with Laser Rangefinder

We now move on to evaluation with datasets from real-world robots. For Experiment 1, we use
the “Lost in the Woods” dataset in [32]. The setup consists of a wheeled robot driving around in
a 2D indoor environment, with 17 tubes scattered throughout the space to act as landmarks (see
Fig. 6.7). The robot has an odometer to measure its translational and rotational speed, and uses a
laser rangefinder to measure its range to the cylindrical landmarks. The groundtruth positions of
the robot are recorded using a Vicon motion capture system. All data are logged at 10 Hz. There
are approximately 4 visible landmarks at any given time. The robot state, input, landmark position,

2For future work, one could incorporate a global optimality certificate [102] for either MB or RCKL if desired.
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(a) Simulation 1 Results (b) Simulation 2 Results

Figure 6.6: Localization and SLAM results for Simulation 1 (left) and Simulation 2 (right). RMSE and
Mahalanobis distances for localization (left plots) and SLAM (right plots) for UKL, CKL, RCKL, MB
(model-based with correct µ), and MBI (model-based with imperfect µ). In both simulations, RCKL has
slightly higher RMSEs than MB but encounters local minima less frequently, and it has lower RMSEs than
MBI. UKL-SLAM RMSEs are off the charts, and CKL-SLAM RMSEs are more reasonable than UKL-SLAM
but still higher than RCKL-SLAM, demonstrating the necessity of the constraints and the reduced process
model in RCKL. RCKL is also more consistent than MB and MBI.

and measurement are in the same form as in (6.47), where we adopt the common practice of using
interoceptive measurements as inputs in the process model [22]. We use the lifting functions given
in (6.48).

To empirically evaluate RCKL, we split the entire 20-minute dataset into training data and
testing data. We use 5/6 of the trajectories for training, where measurements derived from only
11 of the 17 landmarks are used to train the measurement model. We test on the remaining 1/6

trajectories using measurements derived from only the six remaining landmarks. We assume that
there are no factors such as slippage that would cause the robot to drive differently in one area of
the room compared to another, and that the measurements are dependent only on the landmark
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Figure 6.7: Setup for Experiment 1. A wheeled robot drives around 17 cylindrical landmarks (2 are not
visible in this photo) in an indoor environment. It logs wheel odometry and measures the range to its
surrounding landmarks using a laser rangefinder. The landmarks for testing are highlighted in red.

positions relative to the robot poses. Thus, we perform data augmentation by adding translational
and rotational transformations of the original training data to the training set.

We do 6-fold cross-validation by repeating the training/testing procedure for different sections of
the dataset’s trajectories, and compare the results of RCKL to MB. To demonstrate the advantages
of the model-free framework, we also compare these results with MBI, whose robot-to-rangefinder
distance in the measurement model is offset by 10 cm with respect to the generated measurements.
Again, MB and MBI are using the same raw measurements but different prior models. The errors for
RCKL, MB, and MBI are shown in Fig. 6.8, and their respective Mahalanobis distances are shown
in Fig. 6.9.

In Fig. 6.8, we see that for both localization and SLAM, RCKL has similar error levels as MB
but outperforms MBI. The Mahalanobis distances in Fig. 6.9 show that RCKL is fairly consistent.
Meanwhile, the model-based estimators are overconfident, and even more overconfident with the
model offset. These results suggest that RCKL has learned a more accurate and more consistent
model than MB and especially MBI. While RCKL appears to have not encountered any local minima
in localization or SLAM, the model-based estimators encountered local minima in one of the six
folds for localization and two of the six folds for SLAM (see Fig. 6.10). This behavior suggests that
the lifted formulation of RCKL may provide improved convergence properties for these estimation
problems. One possible explanation is that the lifted optimization landscape is locally easier to
optimize than the original nonlinear formulation. We leave the investigation of this hypothesis for
future work.

6.9.4 Experiment 2: Golf Cart with RFID Measurements

For this experiment, we train on Dataset A3 and test on 3000 steps of Dataset A1 of [103]. The
setup for these two datasets consists of a cart driving on a golf course. The robot is equipped with a
transponder with four radio-frequency (RF) antennae mounted on the four corners of the robot. As
it moves, it measures ranges to RF tags placed on top of ten traffic cones that are scattered around
the course. The range measurements are sporadic, occurring only at certain points on the trajectory.
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Figure 6.8: Localization and SLAM errors for Experiment 1 : position and orientation errors of the mean
trajectory and the mean landmark outputs of RCKL, MB, and MBI (whose robot-to-rangefinder distance is
offset by 10 cm), on the six dataset folds. For localization, RCKL has similar position errors and generally
lower orientation errors compared to MB. Against MBI, RCKL has lower position and orientation errors,
demonstrating the advantage of the data-driven approach. These trends are also present for SLAM on folds
1, 2, 3, and 5. On folds 4 and 6, the model-based SLAM errors are much higher as a result of convergence
to local minima (see Fig. 6.10 for a visualization).

The measurements for each transponder contain a rather large scaling factor, corresponding to µ

in (6.47), of around 1.2. The groundtruth positions of the robot and of the cones are obtained
using a Global Positioning System (GPS). The control input consists of linear and angular velocities
obtained from a fiber-optic gyro and wheel encoders. With just dead reckoning, the test trajectory
drifts in orientation owing to repeated turns in the same direction [103]. This drift will be corrected
by localization or SLAM.

Similar to Experiment 1, the robot state, input, landmark position, and measurement are in the
same form as in (6.47), and the same forms of lifting functions are used as in (6.48). The landmark
locations in A1 and A3 are the same. As such, we train on A3 with measurements from only 5
landmarks, and test on A1 with measurements from the 4 remaining landmarks, ignoring the one
landmark with no measurements. We treat each RFID tag as an independent measurement model,
so there are three sets of {D,R} to train, ignoring the one tag with only two measurements. We use
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Figure 6.9: Mahalanobis distances of localization and SLAM for Experiment 1 : Mahalanobis distances of
the outputs of RCKL, MB, and MBI (whose robot-to-rangefinder distance is offset by 10 cm), on the six
dataset folds. For localization, RCKL’s Mahalanobis distances are close to 1, signifying that RCKL-Loc is
consistent. MB’s Mahalanobis distances are slightly higher than 1, signifying that its estimates are slightly
overconfident. MBI is similarly, if not marginally more, overconfident than MB. For localization, MB and
MBI are more overconfident in fold 5 than in the other folds as a result of converging to local minima. These
trends are also present for SLAM on folds 1, 2, 3, and 5. On folds 4 and 6, the estimates of the model-based
estimators, MB and MBI, are highly overconfident as a result of convergence to local minima.

Figure 6.10: Visualization of SLAM output of Experiment 1 fold 6 for RCKL-SLAM and MB-SLAM, showing
the estimators’ mean states and mean landmark positions compared to the groundtruth. The green regions
and the grey regions are, respectively, the 3σ covariances of the trajectory and of the landmarks, though
the 3σ bounds of the landmarks are barely visible. The pink lines show the landmark correspondences
between the groundtruth and the estimators’ outputs. RCKL-SLAM’s trajectories and landmarks are close
to the groundtruth and are generally within the estimated 3σ bounds. On the other hand, MB-SLAM has
converged to a local minimum with one landmark on the opposite side of the trajectories, and its estimate
is far from being within 3σ bounds of the groundtruth.

a data augmentation procedure similar to that in Experiment 1, adding translational and rotational
transformations on the original training data into the training set. We compare against MB, whose
model contains the correct scaling factors, and against MBI, whose model uses a scaling factor of 1.
The error plots for RCKL and the model-based estimators are shown in Fig. 6.11. A visualization
of the outputs of RCKL-Loc and RCKL-SLAM can be seen in Fig. 6.2. As an ablation study, we
also perform estimation with parts of RCKL’s learned models swapped out with MB’s prior models.
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Figure 6.11: Error plots for Experiment 2, comparing RCKL-Loc with MB-Localization (left two plots)
and comparing RCKL-SLAM with MB-SLAM (right two plots). The blue lines represent the errors of
the estimated trajectories, and the red envelopes represent the estimated 3σ covariance bounds. For both
localization and SLAM, RCKL’s errors are similar to or smaller than those of MB. RCKL’s errors are
bounded by the 3σ bounds, while MB’s errors sometimes exceed the 3σ bounds especially in localization.
The shapes of the errors and the covariance envelopes of RCKL are similar to those of MB, suggesting that
RCKL’s outputs reflect the model reasonably well.

The RMSEs and Mahalanobis distances of the above estimators are shown in Table 6.1.
Fig. 6.11 qualitatively illustrates the effectiveness of RCKL, since the errors and covariances of

RCKL appear similar to those of MB. Quantitatively, we see from Table 6.1 that RCKL has similar
or better accuracy and consistency than MB in both localization and SLAM. This suggests that
RCKL’s learned models are better than MB’s prior models. The ablation results in Table 6.1 also
show that swapping to RCKL’s measurement model reduces more error than swapping to RCKL’s
process model. This suggests that the main improvement comes from RCKL’s measurement model,
while the two process models are of similar quality. Finally, RCKL substantially outperforms MBI,
demonstrating the advantage of the data-driven framework.

6.9.5 Computation Time

We briefly discuss the computation time of RCKL compared with that of the model-based estimators.
Since RCKL and MB use substantially different cost functions, convergence should not be compared
directly using cost tolerances. Thus, we instead view convergence as being sufficiently close to the
groundtruth. In this sense, RCKL takes 1–3 times longer to converge than MB and MBI, depending
on the environment setup. As an example, we compare CPU-based implementations of RCKL and
MB on an Intel Core i7-9750H Processor. We show in Fig. 6.12 the estimator runtime for folds where
both estimators converged near the groundtruth in Experiment 1. Each fold contains 200 seconds
of data, consisting of 2000 timesteps (and inputs) and about 8000 range measurements. As seen in
Fig. 6.12, both estimators converge near the groundtruth in less than 30 seconds. RCKL has the same
Big-O inference complexity as the model-based estimators for both localization and SLAM, scaling
linearly with the number of timesteps. The model-based estimators work with smaller matrices and
thus have faster iterations than RCKL. However, they are not substantially faster overall because
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Localization Method Position
RMSE [m]

Orientation
RMSE [rad]

Maha.
Dist.

RCKL Process,
RCKL Measurement 0.592 0.0246 0.834

MB Process,
MB Measurement 0.768 0.0339 6.167

RCKL Process,
MB Measurement 0.790 0.0359 1.092

MB Process,
RCKL Measurement 0.582 0.0253 6.161

MBI
(imperfect model) 8.187 0.1249 6.422

SLAM Method Position
RMSE [m]

Orientation
RMSE [rad]

Landmark
RMSE [m]

Maha.
Dist.

RCKL Process,
RCKL Measurement 0.552 0.0293 1.073 0.865

MB Process,
MB Measurement 0.495 0.0280 1.233 6.154

RCKL Process,
MB Measurement 0.553 0.0289 1.298 0.971

MB Process,
RCKL Measurement 1.781 0.0699 2.307 6.956

MBI
(imperfect model) 1.428 0.0638 7.773 6.240

Table 6.1: Ablation results of Experiment 2 for localization (top) and SLAM (bottom). The first row cor-
responds to RCKL, the second row corresponds to MB, the third row corresponds to RCKL with MB’s
measurement model, and the fourth row corresponds to RCKL with MB’s process model. The fifth row is
MBI, the model-based estimator whose measurement model has imperfect scaling factors. For both localiza-
tion and SLAM, RCKL has similar or lower RMSEs than MB, and a more consistent Mahalanobis distance.
RCKL substantially outperforms MBI, demonstrating the advantage of the data-driven method.

Figure 6.12: Position RMSE vs. estimator runtime for Experiment 1 for folds 1, 2, 3, 4, and 6 for localization,
and folds 1, 2, 3, and 5 for SLAM, ignoring the folds where MB converges to a local minimum. For both
RCKL and MB, markers are placed at every iteration, and the first markers are placed at the end of their
initialization procedures. On all of these 200-second trajectories, both estimators converged to near the
groundtruth within 30 seconds.



CHAPTER 6. KOOPMAN-INSPIRED SLAM 76

they usually require more iterations to converge near the groundtruth.

6.9.6 Hyperparameter Tuning

We discuss our procedure and recommendations for tuning the hyperparameters involved in RCKL.
The main hyperparameters unique to this algorithm are the regularizers in (6.14b), namely τA, τB ,
τH , τD, τQ, τR. We used a different set of hyperparameter values for each of the experimental
scenarios presented (Simulation 1, Simulation 2, Experiment 1, Experiment 2). We hand-tuned
these values by manually adjusting them until a desired performance is reached on a validation
dataset. Hyperparameters were never trained nor tuned on the test dataset. To achieve maximum
performance, we recommend further refining the hyperparameters through a grid search or other
hyperparameter optimization methods [104]. In our experiments, we saw that RCKL’s performance
is sensitive to only a few hyperparameter values. To show this, we performed a sensitivity analysis
on the τ ’s used in Experiment 1. Fig. 6.13 shows the accuracy and consistency of RCKL-Loc and
RCKL-SLAM as we individually vary each of the τ ’s within an order of magnitude above and below
our hand-tuned values. We see that RCKL’s accuracy and consistency do not change significantly
across the tested ranges of τA, τB , τH , and τD. The covariance regularizers, τQ and τR, have larger
effects on performance. Notably, the estimates are generally less consistent if τQ and τR are set
either too low or too high, and generally less accurate if τQ and τR are set too high.

There are other settings that can be classified as hyperparameters, such as the lifting functions
used and parameters within the SQP (e.g., µ in the line search acceptance criterion; see (C.15)
in Appendix C.1.3). We recommend using standard methods from the literature to choose these
parameters. For example, we chose SERFFs as our lifting functions, but more methodical Koopman
identification methods [105, 69] can be used as well.

6.10 Conclusion

The results highlight the advantages of RCKL’s data-driven approach to localization and SLAM.
When the classical model-based estimator that relies on Gauss-Newton has access to perfect models
in simulation, it has similar or slightly better accuracy than RCKL. However, RCKL has similar or
slightly better accuracy than the model-based estimator with an imperfect model. On real-world
datasets, RCKL is generally more accurate and more consistent than the classical model-based
estimator, especially when compared against classical estimators with imperfect models. While the
performance of the model-based estimators depends on the validity of their prior models, RCKL
simply applies the high-dimensional model learned through data. In addition, the experiments
suggest that RCKL may also be less prone to poor local minima.

RCKL provides a practical framework for data-driven localization and SLAM by converting
nonlinear estimation into a constrained optimization problem over a lifted bilinear system. For
localization, it generalizes KoopSE to environments with landmark configurations not seen during
training. For SLAM, it enables the joint estimation of robot trajectories and previously unknown
landmarks while preserving manifold consistency of the lifted variables. More generally, this chap-
ter has shown that manifold-constrained optimization can substantially improve the reliability of
Koopman-inspired estimation methods.
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Figure 6.13: RCKL hyperparameter sensitivity test : Position RMSE (left column), orientation RMSE (middle
column), and Mahalanobis distances (right column) of RCKL-Loc and RCKL-SLAM results on Experiment
1 (all 6 folds) vs. different hyperparameter values (τA, τB , τH , τD, τQ, τR). For all plots, the middle marker
is placed at the hand-tuned hyperparameter value used to generate the results in Section 6.9.3. In each row,
a hyperparameter is varied an order of magnitude above and below its hand-tuned value, while all other
hyperparameters are set to their hand-tuned values. In the first two columns, we show the 50th, 25th, and
75th percentiles of the errors by representing them with the circle markers and the error bars’ lower and
upper bounds. In the third column, the markers represent the mean Mahalanobis distances.
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Several avenues remain interesting directions for future work. It is worth investigating the
origin of RCKL’s improvement in convergence properties as a result of lifting estimation into a
high-dimensional space. Another direction is to investigate updating the solution incrementally for
real-time localization or SLAM, possibly by applying factor graph solvers [41, 106] or smoothing
methods [40] in the lifted space. As well, we can broaden the model types that can be converted
into lifted forms, making a further step towards data-driven state estimation for general robotics
systems.

In developing RCKL-SLAM, it was necessary to extract covariance estimates from the resulting
constrained optimization problem. Although such estimates were obtained through expressions
tailored to the SQP formulation, their broader interpretation was not initially clear. This raises
a more general question: how should Gaussian uncertainty be handled when variables are coupled
through smooth constraints or manifolds? Perhaps surprisingly, examining this question reveals that
these covariance expressions admit a clean probabilistic interpretation as conditioning operations
onto linearized manifolds. This motivates the next chapter, where we develop a general framework
for Gaussian inference on linearized manifolds.



Chapter 7

Gaussian Inference on Linearized
Manifolds

Chapter 6: Koopman-Inspired SLAM
Enable robust lifted localization and SLAM

through enforcing manifold constraints

Chapter 7: Gaussian Inference on Linearized Manifolds
Extend covariance extraction beyond estimation to
general equality-constrained optimization problems

Generalize constrained uncertainty estimation

Figure 7.1: Conceptual progression from Chapter 6 to Chapter 7.

7.1 Summary of Contributions

This chapter develops a general framework for Gaussian inference on linearized manifolds, motivated
by the constrained estimation problems encountered in Chapter 6. It provides a probabilistic in-
terpretation of the covariance formulas that arise in such problems, and extends classical Gaussian
inference operations to settings involving smooth equality constraints. In doing so, it supplies a
principled uncertainty estimation framework for such constrained systems. Specifically, this chapter

• establishes the theoretical interpretation of covariance extraction for constrained estimators as
Gaussian conditioning onto linearized manifolds,

• develops corresponding formulations for marginalization and conditioning onto smooth mani-
folds through local linearization, and

• demonstrates how these results enable principled uncertainty quantification in constrained
estimation problems and smooth equality-constrained optimization frameworks more broadly.
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7.2 Motivation

In robotics, there is an increasing need for probabilistic inference on smooth manifolds and other
structured state spaces. One example arose in Chapter 6, where localization and SLAM were posed
as constrained optimization problems in high-dimensional lifted spaces, and covariance extraction
was required. Other examples include estimation frameworks based on Lie groups [34, 35, 36],
other lifted-space representations [107], and explicit problem constraints [41]. For several important
manifold classes, particularly Lie groups, established methods support both state estimation and
uncertainty representation. However, covariance estimation becomes less straightforward when the
manifold is induced by problem-specific constraints or learned representations. For example, al-
though both unconstrained [30] and constrained [41] methods based on the Georgia Tech Smoothing
and Mapping (GTSAM) library solve for the mean trajectory, only the unconstrained formulation
readily provides covariance estimates [86]. Even when such covariance estimates can be obtained in
practice, as in RCKL-SLAM in the previous chapter, their interpretation can be unclear: they may
arise from optimizer-specific derivations rather than from a unified probabilistic framework.

This gap reflects the limited availability of general probabilistic inference tools for variables
constrained to arbitrary smooth manifolds. In robotics, two prevalent inference operations are
marginalization and conditioning. These operations are well established for Gaussian distributions
in Euclidean settings [108] and are integral to the Bayesian-inference framework [22, 1]. However,
their classical forms do not directly generalize to variables related through smooth constraints or
manifold structures.

In this chapter, we address this gap by extending the concepts of marginalizing and conditioning
to smooth manifolds. Our key technical results include

1. closed-form expressions for marginalizing and conditioning Gaussians onto general linear mani-
folds (see Fig. 7.2 for a preview),

2. approximations for marginalizing and conditioning Gaussians onto smooth nonlinear manifolds
through local linearization, and

3. applications of our novel expressions, including approximation of the projected normal distribu-
tion [44], (a reinterpretation of) covariance extraction in RCKL-SLAM, and covariance extraction
in constrained GTSAM [41].

This chapter is structured as follows. We review related work in Section 7.3, and discuss the
established theory on marginalizing and conditioning Gaussians onto axis-aligned manifolds in Sec-
tion 7.4. We present our expressions and derivations for these operations on general linear manifolds

https://doi.org/10.1109/ICRA55743.2025.11128000
https://youtu.be/O84uAMSZ-JI?si=JSjFVMeea87vwu5L
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(a) One Constraint (b) Two Constraints

Figure 7.2: Marginalizing and conditioning Gaussians onto manifolds defined by linear constraints using
Table 7.2. Intuitively, marginalization corresponds to a projection onto the manifold, and conditioning
corresponds to a normalized intersection with the manifold. Although the covariance of the original Gaussian
is rank 3, it collapses to the rank of the manifold after marginalization or conditioning. In (a), the resulting
Gaussians have rank-2 covariances, lying on the constraint plane. In (b), the resulting Gaussians have rank-1
covariances, lying on the intersection of the two planes.

in Section 7.5, and present our approximation method for nonlinear manifolds in Section 7.6. We
present three applications of our theoretical contributions in Section 7.7, and conclude in Section 7.8.

7.3 Related Work

There is limited work on covariance estimation in a general constrained setting. One study [42]
projects Gaussians onto linear constraint manifolds for sensor fusion, but the manifold is restricted
to those passing through the origin, i.e., manifolds of the form S⊤x = 0. Another study [43] focuses
on constrained weighted least squares and proves that the covariance is contained within the inverse
Karush–Kuhn–Tucker (KKT) matrix. However, extracting this covariance remains challenging, es-
pecially for large systems. In addition, the probabilistic interpretations of both methods are not
explicit; it is not immediately clear whether they are related to marginalization or conditioning.
Although we do not pursue this connection in detail, the formulas developed later in this chapter
suggest that both methods can be viewed as instances of conditioning Gaussian distributions onto
constraint manifolds.

Meanwhile, there is interest in marginalizing and conditioning Gaussians onto specific manifolds,
including two-dimensional circles [44] and n-dimensional spheres [45]. In robotics, Lie groups [33]
are often a main focus [1, 34, 35, 36, 37, 38, 39]. To our knowledge, however, no methods have
been presented for arbitrary smooth manifolds. This chapter begins to fill this gap by developing a
general framework for marginalizing and conditioning Gaussian distributions onto smooth manifolds
through local linearization.
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Marginalization and Conditioning onto Axis-Aligned Manifolds
p(x) ∼ N (µ,Σ) = N−1(η,Λ),

η = Σ−1µ, Λ = Σ−1,

Manifold: xβ = β,

x =

[
xα
xβ

]
, µ =

[
µα
µβ

]
, η =

[
ηα
ηβ

]
,

Σ =

[
Σαα Σαβ

Σ⊤
αβ Σββ

]
, Λ =

[
Λαα Λαβ

Λ⊤
αβ Λββ

]
.

Marginalization

µmarg =

[
µmarg,α
β

]
, Σmarg =

[
Σmarg,αα 0

0 0

]
. (7.0.1)

Covariance
Form

µmarg,α = µα, (7.0.2)
Σmarg,αα = Σαα. (7.0.3)

Information
Form

ηmarg,α = Σ−1
marg,ααµmarg,α = ηα −ΛαβΛ

−1
ββηβ , (7.0.4)

Λmarg,αα = Σ−1
marg,αα = Λαα −ΛαβΛ

−1
ββΛ

⊤
αβ . (7.0.5)

Conditioning

µcond =

[
µcond,α
β

]
, Σcond =

[
Σcond,αα 0

0 0

]
. (7.0.6)

Covariance
Form

µcond,α = µα +ΣαβΣ
−1
ββ (β − µβ), (7.0.7)

Σcond,αα = Σαα +ΣαβΣ
−1
ββΣ

⊤
αβ . (7.0.8)

Information
Form

ηcond,α = Σ−1
cond,ααµcond,α = ηα −Λαββ, (7.0.9)

Λcond,αα = Σ−1
cond,αα = Λαα. (7.0.10)

Table 7.1: Expressions for marginalization and conditioning Gaussians onto axis-aligned linear manifolds,
reproduced from [108].

7.4 Marginalization and Conditioning Gaussians onto Axis-

Aligned Linear Manifolds

Prior to presenting our results for general linear manifolds, we first review marginalization and
conditioning onto axis-aligned manifolds. This section will be referenced while deriving our general
results in Section 7.5, where the rationale for the term ‘axis-aligned manifold’ becomes apparent.

Suppose we have a random variable, x ∈ Rn, associated with a probability distribution, p(x).

Suppose x can be broken down as x =
[
x⊤
α x⊤

β

]⊤
. The marginal distribution of x over xβ is

denoted as pmarg:β(x). Intuitively, marginalization summarizes x by summing up the distribution
along xβ . This can be seen as a projection of p(x) onto the subspace xα. The conditional distribution
of x over xβ = β is denoted as pcond:xβ=β(x). Conditioning corresponds to finding the distribution
of x given that xβ = β is known. It can be visualized as taking the slice of p(x) where xβ = β, and
then renormalizing the distribution along the slice. For more information, see [109].

Finding marginal and conditional distributions on axis-aligned manifolds can be difficult for a
general p(x). However, in the common case that p(x) is Gaussian, the results can be written in closed
form. It is known that marginalizing or conditioning Gaussians onto axis-aligned manifolds results in
Gaussians. Gaussians are typically characterized either in covariance form as p(x) ∼ N (µ,Σ), where
µ is the mean and Σ is the covariance, or in information form as p(x) ∼ N−1(η,Λ), where η is the
information vector and Λ is the information matrix. Given these representations, the closed-form
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Figure 7.3: Visualization of marginalization and conditioning of a Gaussian onto axis-aligned manifolds of
the form xβ = β. The left, middle, and right planes illustrate manifolds aligned with the xy-, yz-, and
xz-planes, respectively, which correspond to fixing different coordinate subsets of x. Marginalization (green)
can be interpreted as projecting the Gaussian onto the manifold, while conditioning (magenta) corresponds
to taking a slice of the Gaussian along the manifold and renormalizing the resulting distribution.

expressions for Gaussians under marginalization and conditioning are presented in Table 7.1, which
is rewritten from [108] using our notation. For convenience, results are expressed in covariance form
and in information form. See Fig. 7.3 for a visualization of these results.

After marginalizing or conditioning onto xβ = β, the resulting covariances are rank-deficient.
In (7.0.1) and (7.0.6), rank(Σmarg) = rank(Σcond) = nα. Both inference operations effectively set
xβ to a fixed value, and the xβ component is no longer associated with a distribution. Despite this,
the Gaussians retain their original dimensionalities: dim(Σmarg) = dim(Σcond) = n. This situation
is analogous to projecting a vector onto a subspace; the orthogonal component becomes 0, but the
projected vector’s dimensionality is not reduced. The conventional expressions for marginalization
and conditioning [108] are written only for the xα subspace and have implicitly stripped off the
padding associated with the xβ subspace. In (7.0.1) and (7.0.6), we leave in the padding. This turns
out to be essential for deriving our results for general linear manifolds.1

For many applications, the inference results in Table 7.1 are sufficient. As a classical example,
the Kalman filter expressions can be derived [1, §3] using Table 7.1. However, as we will see in
Section 7.7, there is a growing demand for marginalizing and conditioning Gaussians onto general
manifolds.

7.5 Marginalization and Conditioning Gaussians onto General

Linear Manifolds

7.5.1 General Manifolds

Before confining to linear manifolds, we first clarify our definitions for marginalizing and conditioning
onto smooth, potentially nonlinear manifolds, in preparation for Section 7.6. Suppose we have a
random variable, x ∈ Rn, an associated probability distribution, p(x), and a manifold,M : f(x) = 0,

1Note that the information form results in Table 7.1 are still defined over only the xα subspace, since Σ−1
marg and

Σ−1
cond do not exist.
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Marginalization and Conditioning onto Linear Manifolds
p(x) ∼ N (µ,Σ), x ∈ Rn,

Manifold: S⊤x = c, S ∈ Rn×m,
Z = null(S⊤) ∈ Rn×(n−m), Π = Z(Z⊤Z)−1Z⊤,

x0 = S(S⊤S)−1c.
Marginalization Conditioning

µmarg = Πµ+ x0, (7.1.1)
Σmarg = ΠΣΠ⊤. (7.1.2)

µcond = x0 +ΣcondΣ
−1(µ− x0), (7.1.3)

Σcond = Z(Z⊤Σ−1Z)−1Z⊤. (7.1.4)

Table 7.2: Expressions for marginalization and conditioning Gaussians onto general linear manifolds

where f(·) is differentiable. Suppose the manifold is m-dimensional. That is, f : Rn → Rn−m.
For marginalization, supposeM has a projection method, gM : Rn → Rn, where for any x ∈ Rn,

gM(x) = x̃ ∈ M, meaning that f(x̃) = 0. A common projection method is the closest on-manifold
point measured via the Euclidean distance: gM(x) = argminp∈M||p − x||2. Then, pmarg:M(x) is
the result of projecting p(x) onto M with gM. For conditioning, we simply condition p(x) over
the points on the manifold: pcond:M(x) = p(x | f(x) = 0). Instead of slicing and renormalizing
p(x) over fixed values, we renormalize over the slice defined by the manifold. Note that for both
marginalization and conditioning, the density is zero at all points off the manifold.

7.5.2 Linear Manifolds

Marginal and conditional distributions are difficult to compute for a general f(x). However, linear
manifolds greatly simplify the situation. Suppose we have f(x) = S⊤x − c = 0, where S ∈ Rn×m,
m < n, c ∈ Rm. We assume that rank(S) = m, meaning that S has full column rank. Then, the
marginal distribution of p(x) onto M is

pmarg:M(x) =


∫
v∈span S

p(x+ v)dv, S⊤x = c,

0, otherwise,
(7.1)

where dv denotes integration over the subspace span S, whose vectors are orthogonal to the manifold.
For conditioning, the distribution is similar to the case for general manifolds: pcond:M(x) = p(x |
S⊤x = c).

7.5.3 Expressions for Gaussians

Now, suppose that p(x) ∼ N (µ,Σ). We present one of our main contributions in Table 7.2: the
closed-form expressions for marginalizing and conditioning a Gaussian onto a general linear manifold.
Here, null(S⊤) denotes a matrix whose columns form a basis for the nullspace of S⊤.

Note that the formulation for Table 7.1, as described in the previous Section 7.4, can be written
in the formulation for Table 7.2 with S⊤ =

[
0 1

]
and c = β. That is, Table 7.1 is a special

case of Table 7.2 where the linear manifold is axis-aligned. One can verify that the expressions for
axis-aligned manifolds can be derived given our general expressions. Similar to the axis-aligned case
described in Section 7.4, the Gaussian obtained after inference onto a linear manifold is degenerate.
For marginalization, µmarg ∈ Rn, Σmarg ∈ Rn×n, but rank(Σmarg) = n −m, inheriting the rank of
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the manifold. See Fig. 7.2 for a visualization.
Geometrically, the vector x0 used in µmarg and µcond is the orthogonal projection of the origin

onto the affine manifold. We can see this by noting that the expression for x0 corresponds to the
minimum-norm point satisfying the linear constraints, i.e.,

x0 = argmin
x
∥x∥2 s.t. S⊤x = c. (7.2)

This interpretation also explains why x0 appears in µmarg and µcond: both means must lie on the
affine manifold, and are therefore composed of a feasible offset point, x0, together with directions
spanning the nullspace of S⊤.

Unlike in Table 7.1, there are no clear information-form representations for marginal and con-
ditional distributions on general linear manifolds; the resulting covariances are rank-deficient and
thus not invertible. If desired, one can presumably write the information-form expressions within a
subspace where the Gaussian is nondegenerate. However, the choice of subspace would then depend
on the application. In any case, the covariance-form results in Table 7.2 turn out to be sufficient for
our use cases described in Section 7.7.

7.5.4 Proof for Gaussian Inference on Linear Manifolds

We now prove the correctness of the expressions in Table 7.2 using coordinate transformations. We
use the ‘x-frame’ to denote the original frame, and the ‘y-frame’ to denote the new frame after our
coordinate transformation. We proceed in three main steps: 1) transform the Gaussian into a frame
where the linear manifold is axis-aligned; 2) apply Table 7.1 formulas to marginalize or condition the
Gaussian in this new frame; and 3) transform the resulting Gaussian back into the original frame.

The validity of this procedure follows from the fact that conditioning commutes with frame
transformations. That is, conditioning in the x-frame is equivalent to first converting the distribution
to the y-frame, then conditioning in the y-frame, and then converting the conditioned distribution
back into the x-frame. The same reasoning applies to marginalization, with the added requirement
that v ∈ span S ⇒ H−1v ∈ span H⊤S, where H is the frame transformation. In other words,
vectors orthogonal to the manifold in the x-frame are still orthogonal to the manifold in the y-frame.
The transformation H used below satisfies this requirement.

Transform the Gaussian into an Axis-Aligned Frame

Let the transformation from the x-frame to the y-frame be y = H−1x, where y ∈ Rn, H ∈ Rn×n.
We break down y as

y =
[
y⊤
α y⊤

β

]⊤
, yα ∈ Rn−m, yβ ∈ Rm. (7.3)

Let the transformation matrix be H =
[
Z S

]
. Note that since S has full column rank and

Z = null(S⊤), H is guaranteed to be full rank. Then, we can see that H−1 =

[
(Z⊤Z)−1Z⊤

(S⊤S)−1S⊤

]
,

using the fact that S⊤Z = 0.
Let the original Gaussian in the x-frame be px(x) ∼ N (µx,Σx) = N−1(ηx,Λx), where the
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(·)x subscript clarifies the parameters’ frame. In the y-frame, the Gaussian becomes py(y) ∼
N (µy,Σy) = N−1(ηy,Λy), where

µy = H−1µx, Σy = H−1ΣxH
−⊤, (7.4a)

ηy = H⊤ηx, Λy = H⊤ΛxH. (7.4b)

The linear manifold, S⊤x = c, in the y-frame becomes

S⊤Hy = c ⇒
[
0 S⊤S

] [yα
yβ

]
= c ⇒ yβ = (S⊤S)−1c. (7.5)

Thus, in this y-frame, the manifold is axis-aligned. We are now in position to apply the formulas in
Table 7.1 to marginalize or condition in the y-frame.

Marginalize or Condition in the Axis-Aligned Frame

For brevity, we omit denoting the manifold by using pmarg,x(x) for pmarg:M,x(x) and pcond,x(x) for
pcond:M,x(x) in the x-frame, and similarly in the y-frame. Using (7.0.1), the marginalized Gaussian
in the y-frame is pmarg,y(y) ∼ N (µmarg,y,Σmarg,y), where

µmarg,y =

[
µmarg,y,α

(S⊤S)−1c

]
, Σmarg,y =

[
Σmarg,y,αα 0

0 0

]
, (7.6)

where, from applying (7.0.2), (7.0.3), and (7.4a), we have

µmarg,y,α = µy,α = (Z⊤Z)−1Z⊤µx, Σmarg,y,αα = Σy,αα = (Z⊤Z)−1Z⊤ΣxZ(Z
⊤Z)−1. (7.7)

We now move on to conditioning, whose proof is simpler by working with py(y) in information form.
From (7.4b), we have

ηy = H⊤ηx =

[
Z⊤Σ−1

x µx

S⊤Σ−1
x µx

]
=

[
ηy,α

ηy,β

]
, Λy =

[
Z⊤Σ−1

x Z Z⊤Σ−1
x S

S⊤Σ−1
x Z S⊤Σ−1

x S

]
=

[
Λy,αα Λy,αβ

Λ⊤
y,αβ Λy,ββ

]
. (7.8)

We now apply (7.0.9) and (7.0.10) in Table 7.1 to obtain

ηcond,y,α = Z⊤Σ−1
x (µx − S(S⊤S)−1c), Λcond,y,αα = Z⊤Σ−1

x Z. (7.9)

Then, using (7.0.6), we get pcond,y(y) ∼ N (µcond,y,Σcond,y) for the conditioned Gaussian in the
y-frame, where

µcond,y =

[
µcond,y,α

(S⊤S)−1c

]
, Σcond,y =

[
Σcond,y,αα 0

0 0

]
, (7.10)

where µcond,y,α = Σcond,y,ααηcond,y,α and Σcond,y,αα = Λ−1
cond,y,αα.
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Transform the Gaussian Back into the Original Frame

To obtain pmarg,x(x) ∼ N (µmarg,x,Σmarg,x), we simply apply the inverse transformation, x = Hy, to
pmarg,y(y). This yields µmarg,x = Hµmarg,y and Σmarg,x = HΣmarg,yH

⊤ from inverting the transfor-
mations in (7.4a). After simplifying, the marginalized mean becomes (7.1.1), and the marginalized
covariance becomes (7.1.2). The procedure is similar for proving (7.1.3) and (7.1.4) for conditioning.
We have proven the results in Table 7.2, as desired.

7.6 Marginalizing and Conditioning Gaussians onto

Linearized Manifolds

Although we have generalized marginalization and conditioning to linear manifolds, many scenarios
involve nonlinear manifolds. Section 7.7 discusses several examples, including RCKL-SLAM from
the previous chapter, where the manifold is defined by nonlinear lifting functions, and constrained
GTSAM, where the manifold is often nonlinear from the problem setup. Unlike the case with linear
manifolds, the distributions obtained by marginalizing and conditioning Gaussians onto nonlinear
manifolds are no longer Gaussian. Nevertheless, we will show in Section 7.7 that Gaussian approx-
imations of these distributions are often sufficient in many applications. Below, we describe our
approximation method, followed by a theoretical justification through interpreting our method as
Laplace’s approximation in constrained settings.

7.6.1 Approximation Method

We now describe our approximation method for marginalizing and conditioning Gaussians onto
nonlinear manifolds through local linearization. Let the original Gaussian be p(x) ∼ N (µ,Σ)

and the manifold be M : f(x) = 0, where f(·) is nonlinear but differentiable. We approximate
pmarg:M(x) and pcond:M(x) by operating on a tangent plane of M. We first find a linearization
point by projecting µ onto the manifold: µ̃ = gM(µ). Note that in many optimization settings, µ
corresponds to the constrained solution and thus is already on the manifold. In this case, projections
should not shift the mean. That is, if f(µ) = 0, then µ̃ = gM(µ) = µ.

We then construct a tangent plane at µ̃, given as

Tµ̃M : S⊤x = c, where S =
∂f

∂x⊤

∣∣∣∣
x=µ̃

, c = S⊤µ̃. (7.11)

Since Tµ̃M is linear, we can then apply our Table 7.2 formulas to marginalize or condition p(x) onto
Tµ̃M. Since µ̃ lies on the tangent plane by construction, neither marginalization nor conditioning
shifts the mean under the linear formulas in Table 7.2. Thus, after projecting the mean onto the
manifold, only the covariance requires updating. The resulting distribution is still over Tµ̃M rather
than M. Thus, we construct a local chart around µ̃ based on a retraction method [110], and then
map the distribution support from Tµ̃M toM. See Fig. 7.4 for an example.
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Figure 7.4: Visualization of conditioning a Gaussian onto a nonlinear manifold in an optimization context.
Top: in many optimization settings, the constrained solution is approximated as a Gaussian with its mean
already on the manifold. Middle: the Gaussian is conditioned onto the tangent plane linearized at the mean,
yielding a constrained Gaussian approximation on the plane. Bottom: the conditioned Gaussian is retracted
back onto the nonlinear manifold. In optimization settings, this conditioning procedure corresponds to
finding Laplace’s approximation of the constrained likelihood.

7.6.2 Theoretical Interpretation as Laplace’s Approximation

We show that this approximation method has an interesting theoretical interpretation—conditioning
the Gaussian solutions of optimization problems onto linearized constraints can be interpreted as
Laplace’s approximation. To see why, first note that many unconstrained optimization problems aim
to find the MAP point of a likelihood function, p(x). The setup is typically x∗ = argminx[- log p(x)].
Optimizers find the optimum point, x∗, along with a local covariance, Σ = −∂

2 log p(x)
∂x∂x⊤ |x∗ . This

is really approximating p(x) with a Gaussian, q(x) ∼ N (x∗,Σ), which corresponds to Laplace’s
approximation [75] of the (unconstrained) likelihood. Meanwhile, constrained optimization problems
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are often set up as

x∗
cond = argmin

x∈M
[- log p(x)] = argmin

x
[- log pcond(x)], (7.12)

where pcond(x) = p(x | f(x) = 0) is the likelihood conditioned on the constraints. On-manifold
optimizers find the constrained optimum point, x∗

cond, and its local unconstrained covariance, Σ′ =

−∂
2 log p(x)
∂x∂x⊤ |x∗

cond
. When we condition Σ′ onto the linearized constraints, we are finding

Σcond = −∂
2 log p(x | f(x) = 0)

∂x∂x⊤

∣∣∣∣
x∗

cond

= −∂
2 log pcond(x)

∂x∂x⊤

∣∣∣∣
x∗

cond

. (7.13)

This shows that we are approximating pcond(x) with a Gaussian, qcond(x) ∼ N (x∗
cond,Σcond), cor-

responding to Laplace’s approximation of the conditioned likelihood. Thus, many unconstrained
optimization problems already admit a probabilistic interpretation as Laplace’s approximation, and
our method extends the same interpretation to constrained settings.

7.7 Applications

Having described our procedures for marginalizing and conditioning Gaussians onto linear and non-
linear manifolds, we now present three robotics applications: 1) using marginalization to approximate
the projected normal distribution used for modeling angular uncertainty; 2) using conditioning to
reinterpret the covariance extraction procedure of RCKL-SLAM from the previous chapter; and 3)
using conditioning to extract covariances in constrained GTSAM.

7.7.1 Approximation of the Projected Normal Distribution

In this section, we illustrate marginalizing a Gaussian onto a typical nonlinear manifold, and we
compare our approximation with the true marginal. In robotics, we are often interested in modeling
angular uncertainty [111, 112, 113]. Angles and other directional data are modeled with directional
distributions, including von Mises distributions [114] and projected normal distributions [115]. The
general projected normal distribution [44] is the result of projecting (i.e., marginalizing) a Gaussian
onto a unit circle. Given a Gaussian, p(x) ∼ N (µ,Σ), the analytical expression of the marginal
density function, p(θ | µ,Σ), is presented in [44].

We compare our linear approximation with the analytical marginal in Fig. 7.5 for three Gaussians
with increasing noise. Following our procedure in Section 7.6, we first set a linearization point by
projecting µ onto the circle based on the minimum Euclidean distance. We then marginalize the
Gaussian onto the tangent plane. To evaluate against the analytical marginal [44], we retract this
marginal onto the circular manifold [116]. We then use the Kullback-Leibler (KL) divergence [117]
between the retracted marginal and the analytical marginal to evaluate our approximation quality.

In Fig. 7.5, our approximation is close to the analytical marginal, especially for Gaussians with
lower covariances. We see this visually and through inspecting the KL divergence values. This is
expected since our approximation is exact for linear manifolds. Increasing either the curvature of
the manifold or the noise level of the Gaussian increases the problem nonlinearity. However, for
slightly nonlinear cases, our approximation is sufficient.
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Figure 7.5: Approximating the projected normal distribution [44]. The analytical marginal (pink) is the
approximation target. The top figures show Gaussians (dark blue) marginalized (light blue) onto the tangent
plane (orange), and the bottom figures show the retractions (green) of these tangent marginals onto the unit
circle. Each column corresponds to a different Gaussian covariance, as indicated by the different |Σ| values.
The retracted marginals are generally close to the analytical marginals. DKL, the KL divergence between
the analytical marginal and the retracted marginal, is especially small when |Σ| is low.

In this case, the analytical expression of the marginal is known, allowing us to directly verify the
correctness and behavior of our approximation. However, the primary use of our method is in settings
where analytical inference expressions are unavailable. We now consider two such applications.

7.7.2 Covariance Extraction in Koopman-Inspired Estimation

We begin with a familiar problem: covariance extraction in RCKL-SLAM from Chapter 6. We rein-
terpret these covariance expressions through the lens of Gaussian conditioning, showing that these
expressions, originally derived in the context of SQP, can be understood as conditioning operations
and thus as instances of Laplace’s approximation. We also present an additional RCKL-SLAM
experiment to validate the consistency of the resulting covariance estimates. Together, these re-
sults show that although constraints complicate covariance extraction in optimization problems, our
approximation is theoretically justified and can be empirically effective.

Reinterpreting RCKL-SLAM Covariance Formula as Conditioning

As a reminder, the RCKL framework lifts the original system into a high-dimensional space by
augmenting the state with nonlinear features. The mean and covariance estimates of robot poses
and landmark positions are obtained through optimization, with the optimal solution approximated
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as a high-dimensional Gaussian. As discussed in Section 6.7, feature constraints are often necessary
when the model subspace is not Koopman-invariant. We solve for the constrained mean estimates
using an SQP solver, then solve for the constrained covariance estimates via the expression (6.35).
This expression was derived specifically for constrained weighted least squares, where the covariance
appears as a block of the inverse KKT matrix [43] (see Appendix C.1.5 for details).

We now make the key observation: the covariance expression (6.35) from Chapter 6 is equivalent
to the conditioning expression (7.1.4) derived in this chapter. This equivalence is natural and
admits a simple interpretation. RCKL-SLAM’s covariance formula corresponds to conditioning
the unconstrained covariance, obtained from a Gaussian approximation of the distribution at the
constrained mean, onto the linearized constraints. As mentioned in Section 7.6, this corresponds to
Laplace’s approximation. More generally, this interpretation extends beyond constrained weighted
least squares to any setting in which the unconstrained solution is approximated as a Gaussian.

From this example, we also see that covariance computation can remain efficient when Σ−1 and
Z in (7.1.4) exhibit exploitable structure. In RCKL-SLAM, Σ−1 for the long trajectory in Fig. 7.6
has dimensions on the order of 50,000× 50,000, making direct inversion impractical. By leveraging
its block-tridiagonal structure along with the structure of Z, we obtain a sparse solver that scales
linearly with the number of timesteps. See Appendix C.1.4 for details. As a result, the covariance
for the 200-second trajectory in Fig. 7.6 is computed in about 10 seconds.

RCKL-SLAM Experiment

We verify the validity of RCKL-SLAM’s covariance estimation on the experimental dataset “Lost in
the Woods” from [32]. This is the same setup as Experiment 1 (Section 6.9.3) in the previous chapter,
but we use different trajectory segments and landmark selections to better evaluate the quality of
the resulting covariance estimates. As a reminder, the wheeled robot operates in an indoor 2D
environment containing 17 cylindrical landmarks. The robot measures translational and rotational
velocity using a wheel odometer and yaw-rate gyroscope, and measures landmark ranges using a
laser rangefinder. Groundtruth trajectories are recorded using a Vicon motion-capture system.

As in the previous chapter, the 20-minute dataset is split into training and testing since RCKL-
SLAM is data-driven. Models are trained using 5/6 of the trajectories and measurements from
14 landmarks, with data augmentation applied through translational and rotational transforma-
tions [97]. Testing uses the remaining 1/6 of the trajectories and measurements from the remaining
3 landmarks.

Unlike the previous chapter, the test landmarks selected here are clustered in the right half of
the environment. The test trajectory is a 200-second segment containing two traversals into the
left half of the environment, where the robot is farther from the landmarks and measurements are
sparser. This setup allows us to evaluate the covariance estimates under varying landmark densities
and measurement availability. To evaluate consistency, we use dtraj, the normalized trajectory-level
Mahalanobis distance, defined in (6.46).

The covariance estimates of RCKL-SLAM are fairly consistent. Quantitatively, dtraj = 1.50, indi-
cating that the estimator is slightly overconfident. For comparison, we use the model-based baseline
MB-SLAM from the previous chapter, which corresponds to classical nonlinear batch SLAM opti-
mized using Gauss-Newton [1, §8, 9]. For this trajectory, MB-SLAM yields dtraj = 1.85, indicating
that it is more overconfident, and therefore less consistent, than RCKL-SLAM. Qualitatively, the
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Figure 7.6: Visualization of the RCKL-SLAM output, showing its mean states and mean landmark positions
compared to the groundtruth. The green regions and the grey regions are, respectively, the 3σ covariances
of the trajectory and of the landmarks. The trajectory and landmark estimates are generally within the
estimated 3σ bounds, suggesting that the covariances are consistent.

Figure 7.7: Error plots for RCKL-SLAM. The solid lines represent the errors of the estimated trajectories,
and the shaded regions represent the estimated 3σ bounds. The errors are generally within the 3σ bounds,
suggesting that the covariance estimates are consistent.

RCKL-SLAM estimates are generally within the 3σ bounds in both Fig. 7.6 and Fig. 7.7. Notably,
the trajectory covariances are larger when the robot is farther away from the landmarks. In Fig. 7.6,
the trajectory on the left half has larger covariances than that on the right half. In Fig. 7.7, the
two trips to the left half at around 20 seconds and 130 seconds led to larger covariances in y. This
behavior supports the consistency of our covariance estimates, since when the landmarks are farther
away, measurements are sparser and distances are less reliable for triangulating robot positions.
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7.7.3 Covariance Extraction in Constrained GTSAM

Our final application considers covariance extraction for constrained GTSAM algorithms, represent-
ing a more practical robotics setting than the previous two applications. Unlike in the previous two
examples, here our conditioning framework enables covariance extraction in a setting where it was
previously unavailable. We first introduce the constrained GTSAM formulation, then present an
experiment evaluating the consistency of the resulting covariance estimates.

Constrained GTSAM Formulation

On-manifold optimizers are prevalent in robotics but often make covariance extraction difficult.
This is the case for constrained GTSAM algorithms including Incremental Constrained Smoothing
(ICS) [40] and Incremental Constrained Optimization (InCOpt) [41]. The original unconstrained
GTSAM [30] performs incremental smoothing and mapping by updating the affected factors in the
factor graph as new information arrives, effectively updating the batch information matrix. As a
result, the unconstrained covariance can be computed as a byproduct of solving for the mean [86].
Constrained GTSAM, however, no longer directly provides covariance estimates due to the added
hard constraints. Using the framework developed in this chapter, we can restore this capability by
conditioning the unconstrained covariance onto the linearized constraints. Similar to Section 7.7.2,
we apply (7.1.4), where Σ−1 is the unconstrained batch information matrix and Z spans the nullspace
of S, the linearized constraints.

This procedure can also be implemented efficiently. Both Σ−1 and S are already maintained
while solving for the state mean, allowing Σcond to be computed largely as a byproduct. Moreover,
constrained localization and SLAM problems often involve structured constraints, such as constraints
that do not couple distant timesteps. In these settings, the SLAM information matrix has an
arrowhead structure [1], while S and Z are block diagonal. Consequently, sparse solvers similar to
those used in RCKL-SLAM can be used to efficiently compute Σcond in (7.1.4).

Constrained GTSAM Experiment

We evaluate our covariance estimates of InCOpt using the “2D Planar Pushing” scenario described
in [41]. A circular probe pushes a box across a plane. The box is constrained to be in permanent
contact with the probe. Given noisy box odometry, noisy contact measurements, and a perfectly
known trajectory of the probe, InCOpt estimates the mean trajectory of the box. Then, we use (7.1.4)
to extract the trajectory covariance. See Fig. 7.8 for a visualization.

To evaluate consistency, we use dtraj from (6.46). Note that dtraj cannot be computed in SE(2)

space since Σcond is rank-deficient. Instead, we compute dtraj in Tµ̃M, where Σ−1
cond exists. We also

need δζ, the error between the groundtruth and the mean, in Tµ̃M. We first compute the error in
M, then map this error from M to Tµ̃M through an inverse retraction method. In this case, M
can be written as a kinematic chain [118] consisting of a revolute joint (α) followed by a prismatic
joint (d), assuming that the box does not slide past a corner. We parametrize poses on M with
x = h(α, d). Then, Tµ̃M is parametrized with ∂h

∂α |α̃,d̃ and ∂h
∂d |α̃,d̃. To find δζ, we first write the

error onM in terms of (∆α,∆d), then map this error onto Tµ̃M. With this, we can compute dtraj.
Qualitatively, we see in Fig. 7.8 that the estimated covariance aligns with the geometry of the

contact constraint. The uncertainty is concentrated primarily along the tangential direction of the
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Figure 7.8: Visualization of the InCOpt (constrained GTSAM) output. The arrows represent the box’s end
poses. Throughout the trajectory, the box is constrained to remain in contact with the circular probe. The
estimated covariance is visualized using its 3σ contour. Due to the contact constraint, the covariance ellipse
is highly eccentric, appearing nearly one-dimensional.

Figure 7.9: Mahalanobis distances (dtraj) of 100 trials of InCOpt at different odometry noise levels. At lower
noises levels, dtraj ≈ 1, signifying that the covariance estimates are consistent. As the noise level increases,
dtraj > 1 more often, signifying that the covariance estimates are generally more overconfident.

contact surface, resulting in a highly eccentric covariance ellipse. This behavior is consistent with
the intuition that the contact constraint removes most of the positional uncertainty orthogonal
to the probe surface. Interestingly, the positional covariance does not collapse completely in this
direction. Although the box position is constrained by contact, uncertainty in the box orientation
still induces small positional variations normal to the surface. When visualized through the marginal
position covariance in the Cartesian plane, these variations produce a small but nonzero covariance
in the orthogonal direction. Thus, while the full constrained covariance remains rank deficient in
the ambient state space, its Cartesian position marginal retains a small but nonzero variance in the
normal direction rather than collapsing to a line. For a visualization of this scenario in action, see
the video at https://youtu.be/O84uAMSZ-JI?si=KIAL3R--sj1NLYko&t=205.

For quantitative evaluation, we repeat the experiment for different levels of odometry noise,
with 100 simulated trajectories at each noise level, and measure dtraj. In Fig. 7.9, we see that

https://youtu.be/O84uAMSZ-JI?si=KIAL3R--sj1NLYko&t=205
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the covariance estimates are fairly consistent at lower noise levels, but become overconfident at
higher noise levels. This trend is expected; larger noise is more amplified by the nonlinearity of the
estimation problem, and thus decreases the quality of our linear approximation. Nevertheless, our
approximation is sufficiently consistent at lower noise levels.

7.8 Conclusion

This chapter extends the application of marginalization and conditioning from axis-aligned manifolds
to general smooth manifolds. It provides closed-form expressions for marginalizing and conditioning
Gaussians onto general linear manifolds, and proposes a tangent-plane approximation for nonlinear
manifolds. We have presented three applications of our theoretical contributions: approximating the
projected normal distribution, covariance extraction in Koopman-inspired SLAM, and covariance
extraction in constrained GTSAM.

For future work, more accurate techniques could be developed for marginalizing and conditioning
onto nonlinear manifolds, possibly with sigma points [119, 120]. Covariance extraction in applica-
tions with constrained settings has received limited attention to date, and perhaps this work could
stimulate further exploration.

More broadly, this chapter places the covariance estimation methods used in Chapter 6 within
a more general probabilistic framework. What initially arose as a practical question of uncertainty
estimation for constrained lifted SLAM led to a broader interpretation as Gaussian marginalization
and conditioning onto linearized manifolds. The resulting framework extends beyond the specific
estimation problems considered in this thesis and may prove useful in other applications involving
equality-constrained optimization and inference.



Chapter 8

Conclusion

In this thesis, we investigated how learned models can be incorporated into probabilistic state es-
timation while preserving the structure that enables efficient and principled inference. Classical
estimation methods rely heavily on process and measurement models, yet deriving such models ana-
lytically can be difficult in many robotics applications due to complex sensing modalities, nonlinear
dynamics, and modeling uncertainties. While data-driven approaches offer an attractive alternative,
learned models are often difficult to integrate into existing estimation frameworks because they may
not preserve the structure exploited by classical inference algorithms.

To address this challenge, this thesis explored Koopman-inspired lifting as a framework for com-
bining learned representations with probabilistic state estimation. By learning lifted representations
that preserve useful inference structure, the proposed methods retain many of the mechanisms under-
lying classical estimation, including efficient system identification and inference as well as principled
uncertainty quantification. We first demonstrated that learned lifted measurement models can be
incorporated into classical filtering architectures while preserving their underlying inference struc-
ture. We then extended lifting to both process and measurement models, enabling data-driven
batch state estimation with learned dynamics and observations. Building on these ideas, we devel-
oped lifted localization and SLAM frameworks, uncovering and addressing new challenges associated
with large-scale estimation in lifted spaces. These challenges raised fundamental questions regard-
ing uncertainty estimation in constrained systems, motivating a general framework for conditioning
and marginalizing Gaussian distributions onto linearized manifolds. The resulting theory provides a
probabilistic interpretation of uncertainty estimation in equality-constrained optimization problems
and extends classical Gaussian inference to constrained estimation settings.

More broadly, the results of this thesis suggest that learned models and probabilistic estimation
need not be viewed as competing paradigms. By designing learned representations that preserve
useful inference structure, it is possible to combine the flexibility of data-driven modeling with the
strengths of classical estimation, including computational efficiency, interpretability, and principled
uncertainty quantification. We hope that the ideas developed in this thesis help bridge the gap
between data-driven modeling and probabilistic state estimation, and encourage further exploration
of structured learning approaches for robotics.
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8.1 Future Work

Throughout this thesis, lifted representations are constructed using handcrafted feature classes and
large collections of random features. An important direction for future work is the development of
more principled methods for selecting or learning informative lifted features. Sparse model discovery
or feature selection methods such as SINDy [68] may help identify compact lifted representations
that improve efficiency and estimation performance. Such methods may also improve interpretability
by identifying the features most relevant for estimation.

Another interesting direction is understanding how lifting affects the optimization landscape of
estimation problems. The lifted localization and SLAM experiments of Chapter 6 suggest that lifted
formulations may be less susceptible to poor local minima than their nonlinear counterparts. This
raises a broader question regarding the role of lifting in nonlinear estimation. A deeper theoretical
understanding of when and why this occurs, and whether lifting can provide stronger guarantees
regarding global optimality, remains an open problem. One possible connection is to certifiable
estimation [121], where related lifting-based relaxations can sometimes provide guarantees of global
optimality. It would be worthwhile to examine whether Koopman-inspired lifting can admit similar
guarantees.

A further open question is how much lifted structure is required to obtain the benefits of
Koopman-inspired estimation. Chapter 6 explores one extreme through the RCKL framework, which
propagates only the original state variables rather than the full lifted state. While this improves
robustness and computational efficiency, it suggests a tradeoff between retaining lifted dynamics
and maintaining estimation stability. Future work could investigate hybrid formulations that retain
selected lifted variables within the process model, potentially combining the modeling flexibility of
full lifted dynamics with the robustness of reduced lifted representations.

Finally, Chapter 7 focuses on equality-constrained estimation problems. Extending the proposed
framework to inequality constraints remains an open question. Such constraints arise naturally in
many robotics applications and would significantly expand the scope of the proposed inference frame-
work. More broadly, probabilistic inference for constrained systems remains relatively unexplored
and warrants further study. Together, these directions point toward estimation frameworks that are
not only accurate, but also sufficiently reliable in the presence of real-world noise.
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Chapter 4 Supplementary Materials

A.1 Measurement Jacobian for SE2(3)

This section is referenced in Section 4.4.1. We derive the measurement Jacobian used in the EKF
measurement update. Dropping the timestep index k, consider a measurement model of the form γ =

g(ξ,η) defined in (3.1b), with the state quantities defined in (4.2) and the error-state perturbation
defined in (4.4). Following the standard right-multiplicative EKF formulation on Lie groups, we
linearize the measurement model about a nominal state ξ̄ = (T̄, b̄) and zero measurement noise:

γ = γ̄ + δγ, δγ = g(ξ,0)− g(ξ̄,0) ≈ H(ξ̄) δξ, (A.1)

where the measurement Jacobian is defined as

H(ξ̄) =
∂δγ

∂δξ

∣∣∣∣
δξ=0

=
∂

∂δξ
(g(ξ̄ ⊕ δξ,0)− g(ξ̄,0))

∣∣∣∣
δξ=0

. (A.2)

Dropping the (̄·), the Jacobian can be written in block form as

H(ξ) =
[
Hθ Hv Hr Hb

]
∈ Rm×15, (A.3)

with

Hθ =
∂g

∂vec(C)

[
vec(CSx) vec(CSy) vec(CSz)

]
∈ Rm×3, (A.4)

Hv =
∂g

∂v
∈ Rm×3, Hr =

∂g

∂t
C ∈ Rm×3, Hb =

∂g

∂b
∈ Rm×6. (A.5)

Here, Sx, Sy, and Sz denote the standard skew-symmetric basis matrices of so(3) [33].
In the common case where the measurement depends only on the pose variables (C, t), the

Jacobian reduces to

H(ξ) =
[
Hθ Hr

]
E, E =

[
13 03 03 03

03 03 13 03

]
, (A.6)

where E selects the orientation and position components of the error state.
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B.1 Detailed Sketch that KoopSE is Kernelized

This section is referenced in Section 5.8.1. Our goal is to show that KoopSE uses the RKHS
quantities only in their kernelized forms. For training, the lifted training points are used to compute
the bilinear system matrices in (5.11). Using SMW identities, we can write the analytical solution
of (5.20) for A, B, and H, as well as an alternative expression for D:

A =
1

τA
X(+)LX

⊤
(−), B =

1

τB
X(+)LU

⊤, (B.1a)

H =
1

τH
X(+)LV

⊤, D = Y
(
X⊤

(+)X(+) + τD1
)−1

X⊤
(+), (B.1b)

where L =
(

1
τA

X⊤
(−)X(−) +

1
τB

U⊤U+ 1
τH

V⊤V + 1
)−1

. This solution is not used in practice because
it involves inverting P × P matrices, where P is the amount of training data. Since X(−) and X(+)

are both constructed from lifted training states and typically span similar RKHS subspaces, we drop
the distinction between them and use X for notational simplicity in the remainder of this proof.
Then, the solutions can be written in the generic kernelized form:

A = XWAX
⊤, B = XWBU

⊤, (B.2a)

H = XWHV⊤, D = YWDX
⊤, (B.2b)

Q = XWQX
⊤ + τQ1, R = YWRY

⊤ + τR1, (B.2c)

where WA,WB ,WH ,WD,WQ,WR are some kernelized matrices.
At test time, we assume that the initial condition, new control inputs, and new measurements

can be written as linear combinations of those seen in training:

x̌0 = Xwx̌,0, (B.3a)

uk = Uwu,k, k = 1, . . . ,K, (B.3b)

yk = Ywy,k, k = 0, . . . ,K (B.3c)

99



APPENDIX B. CHAPTER 5 SUPPLEMENTARY MATERIALS 100

for weights wx̌,0, wu,k, and wy,k. Looking at the definition of Ak−1 in (5.23), we notice that

H(uk ⊗ 1) = XWH(U⊙X)⊤(uk ⊗ 1) (B.4a)

= XWH


(u⊤

1 ⊗ x⊤
1 )(uk ⊗ 1)
...

(u⊤
P ⊗ x⊤

P )(uk ⊗ 1)

 (B.4b)

= XWH


((u⊤

1 uk)⊗ 1)x⊤
1

...
((u⊤

Puk)⊗ 1)x⊤
P

 (B.4c)

= XWH


(u⊤

1 uk)⊗ 1

. . .

(u⊤
Puk)⊗ 1

X⊤ (B.4d)

= XWH,kX
⊤, (B.4e)

where WH,k is the product of WH and the kernelized block diagonal matrix in (B.4d). Then, for
k = 0, . . . ,K,

Ak−1 = A+H(uk ⊗ 1) (B.5a)

= XWAX
⊤ +XWH,kX

⊤ (B.5b)

= XWA,kX
⊤, (B.5c)

vk = Buk (B.6a)

= (XWBU
⊤)(Uwu,k) (B.6b)

= Xwv,k, (B.6c)

where

WA,k = WA +WH,k, wv,k = WB(U
⊤U)wu,k (B.7)

are clearly kernelized. Now, the solution to (5.24) is exactly solved by the RTS smoother [1].
We can then look at the structure of the estimated state means and covariances of the forward
pass, then of backward pass, through induction. We outline the setup below. Let {x̌k,f , P̌k,f}Kk=0,
{x̂k,f , P̂k,f}Kk=0, and {x̂k, P̂k}Kk=0 denote the means and covariances of the forward pass prior (i.e.,
dead reckoning), forward pass posterior (i.e., Kalman filter), and the backward pass (i.e., smoother
solutions), respectively. For the forward pass, the initial condition is

x̌0 = Xwx̌,0, P̌0 = Q = XWQX
⊤ + τQ1. (B.8)
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Suppose at timestep k, the priors have the form

x̌k = Xwx̌,k,f , P̌k = XWP̌ ,k,fX
⊤ + čk,f1, (B.9)

for some kernelized matrices wx̌,k,f and WP̌ ,k,fX
⊤ and scalar čk,f . Then, going through the forward

pass and using the derived kernelized structures for Ak−1, D, Q, R, vk, and yk, it is straightforward
to show that

x̂k = Xwx̂,k,f , P̂k = XWP̂ ,k,fX
⊤ + čk,f1, (B.10)

and then that

x̌k+1 = Xwx̌,k+1,f , P̌k+1 = XWP̌ ,k+1,fX
⊤ + čk+1,f1, (B.11)

with the same matrix structures. The proof setup is similar for the backward pass. Through these
induction processes, we can show that the mean and covariance outputs from the forward pass prior,
forward pass posterior, and the backward pass all have the structure, for k = 0, . . . ,K,

x̂k = Xwx̂,k, P̂k = XWP̂ ,kX
⊤ + ck1, (B.12)

with kernelized matrices wx̂,k and WP̂ ,k and scalar ck. We substitute these expressions for x̂k and
P̂k into (5.29), yielding

ξ̂k = Ξ(X⊤X+ τx1)
−1X⊤(Xwx,k), (B.13a)

Σ̂k = Ξ(X⊤X+ τx1)
−1X⊤(XWP,kX

⊤ + ck1)X(X⊤X+ τx1)
−1Ξ⊤. (B.13b)

We can see that the results for ξ̂k and Σ̂k, the states and covariances in the original space, are
indeed kernelized. Therefore, from input to output, the algorithm only uses RKHS quantities in
their kernelized forms.
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C.1 Solving UKL-Loc with the RTS smoother

This section is referenced in Section 6.6.1. Here, we outline the process of applying the RTS smoother
to the system in (6.17) to solve UKL-Loc. This may be a more efficient solution process than the
sparse Cholesky solver. Note that the two methods are algebraically equivalent [1, §3].

With the landmarks given, we convert the measurement model to be linear-Gaussian using the
same trick as in the process model. Observe that

ℓj ⊗ xk = (ℓj ⊗ 1)xk = (1⊗ xk)ℓj . (C.1)

With this, we can rewrite the measurement equation at each timestep k by stacking the measure-
ments, yk, and defining matrices, D′ and R′ as

yk =
[
y⊤
k,1 · · · y⊤

k,V

]⊤
, D′ =

[
(D(ℓ1 ⊗ 1))

⊤ · · · (D(ℓV ⊗ 1))
⊤
]⊤

, R′ = diag(R, . . . ,R),

(C.2)

where yk is filled with known values of the landmarks and R′ is R stacked diagonally V times. The
system in (6.17) can then be written as

xk = Ak−1xk−1 + vk +wk, k = 1, . . . ,K, (C.3a)

yk = D′xk + nk, k = 0, . . . ,K, (C.3b)

where wk ∼ N (0,Q), nk ∼ N (0,R′). If any measurement is missing, we can make D′ and R′ be
time-varying and omit the corresponding entries when constructing yk, D′

k, and R′
k. In any case, we

have converted the bilinear time-invariant system in (6.7) into a linear time-varying (LTV) system.
We can then apply the standard RTS smoother [1] to (C.3) to solve for the states in O(N3KV ) time.
The output is xk ∼ N (x̂k, P̂x,k), where x̂k is the state mean and P̂x,k is the covariance at timestep
k, for all k = 0, . . . ,K. In contrast to KoopSE in Chapter 5, by using a measurement model that
is individually applicable to each landmark, we have generalized localization to environments with
new landmark positions.
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C.1.1 Gauss-Newton Setup for UKL-SLAM

This section is referenced in Section 6.6.2. We use Gauss-Newton optimization to solve (6.23) for x
and ℓ. Given an operating point, qop, the Gauss-Newton approximation of (6.21) yields

J(q) = J(qop + δq) ≈ J(qop)− g⊤δq +
1

2
δq⊤F δq, (C.4)

where

F =H⊤W−1H, g =H⊤W−1e(qop), (C.5a)

H =

[
A−1 0

Gx Gℓ

]
, A−1 =


−A0 1

. . . . . .

−AK−1 1

 , (C.5b)

Gx = diag(Gx,1, . . . ,Gx,K), Gℓ =
[
G⊤
ℓ,1 · · · G⊤

ℓ,K

]⊤
, (C.5c)

Gx,k =
[
G⊤

x,k,1 · · · G⊤
x,k,V

]⊤
, Gℓ,k = diag(Gℓ,k,1, . . . ,Gℓ,k,V ), (C.5d)

where, using (C.1), the measurement Jacobians are

Gx,k,j =
∂yk,j
∂x

∣∣∣∣
xop,k,ℓop,j

= D(ℓop,j ⊗ 1), Gℓ,k,j =
∂yk,j
∂ℓ

∣∣∣∣
xop,k,ℓop,j

= D(1⊗ xop,k). (C.6)

Note that F is at least positive semidefinite when Q and R are positive definite, and F is positive
definite when the lifted system is observable [1]. Observability of the lifted system depends on the
test data and the Jacobians inH [122]. We found that in simulation and experimental testing, when
UKL has a good initialization, F is positive definite and successful convergence of the Gauss-Newton
algorithm is realized. See Section 6.7.3 for an initialization procedure. This empirically suggests
that when the original system is observable, the lifted system is also observable once given good
priors in (6.14b), reasonable lifting functions, and sufficient training data. An interesting avenue for
future work is explicitly enforcing observability when learning A, B, H, and D.

The optimal update, δq, satisfies

F δq = g, (C.7)

where we can solve for δq by following the standard approach for classical batch SLAM [1]. As we
will see in Appendix C.1.2, the complexity of solving (C.7) is O(N3(V 3+V 2K)) when we have more
timesteps than landmarks, or O(N3(K3 +K2V )) when we have more landmarks than timesteps.

As mentioned in Section 6.6.4, we can easily accommodate missing or known variables. If yk,j is
missing, we simply remove ey,k,j from the cost and delete the corresponding blocks in R−1, Gx,k,
and Gℓ,k. If xk or ℓj is already known, we modify (C.7) to incorporate the known variable by
setting xk or ℓj to its value, removing it from the list of variables in q, and moving its corresponding
equation in F δq to the right-hand side as part of g.

The CKL-SLAM problem (6.31) contains the same objective function as UKL-SLAM (6.23). As
we will see in Appendices C.1.3 and C.1.4, CKL-SLAM’s solution process uses the same Gauss-
Newton approximation as described above. The case is similar for RCKL-SLAM, where owing to its
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slightly modified cost function (6.45), the only required changes are to replace Q−1 =

[
Q−1
ξ 0

0 0

]

in (6.22b) and Ak−1 =

[
Aξ,k−1

0

]
in (C.5b).

C.1.2 Solving UKL-SLAM in Linear Time

This section is referenced in Section 6.6.2. Although the linear system in (C.7) is very large, it
can be efficiently solved with Cholesky factorization and by exploiting sparsity patterns. F has the
structure

F =

[
A−TQ−1A−1 +G⊤

xR
−1Gx G⊤

xR
−1Gℓ

G⊤
ℓ R

−1Gx G⊤
ℓ R

−1Gℓ

]
=

[
Fx Fxℓ

F⊤
xℓ Fℓ

]
, (C.8)

which exhibits the usual SLAM arrowhead pattern where Fx is block-tridiagonal and Fℓ is block-
diagonal [1]. As discussed in Section 6.6.2, F is usually positive definite. Then, when we have more
robot poses than landmarks, we can use the lower-Cholesky decomposition on F ,

F =

[
Lx 0

Lxℓ Lℓ

]
︸ ︷︷ ︸

L

[
L⊤
x L⊤

xℓ

0 L⊤
ℓ

]
︸ ︷︷ ︸

L⊤

=

[
LxL

⊤
x LxL

⊤
xℓ

LxℓL
⊤
x LxℓL

⊤
xℓ +LℓL

⊤
ℓ

]
, (C.9)

where we can use the fact that F11 is block-tridiagonal to efficiently compute the nonzero blocks
in Lxx (see [1, §3]), and then compute Lxℓ and Lℓℓ. For the right-hand side of (C.7), g has the
structure

g =H⊤W−1eop =

[
A−TQ−1ev,op +G⊤

xR
−1ey,op

G⊤
ℓ R

−1ey,op

]
=

[
gx

gℓ

]
, (C.10)

which we can efficiently compute using the appropriate blocks. The solution process for (C.7)
consists of first solving Lp = g for a placeholder variable p using forward substitution, then solving
L⊤q̂ = p for q̂ using backward substitution. Thus, (C.7) can be solved without ever constructing the
large sparse system, instead working only with the required blocks. The exact solution for q̂ can be
computed in O(N3(V 3+V 2K)) time. On the other hand, if we have more landmarks than poses, we
can use the upper-Cholesky decomposition with a similar procedure, solving in O(N3(K3 +K2V ))

time. See [1, §9] for an example.
After iterating until convergence, we can also efficiently compute the covariances of the system.

To find P̂x,k and P̂ℓ,j , we compute the diagonal blocks of F−1. Since P̂q = F = LL⊤ [1], we can
use [123] to compute only the blocks of F−1 corresponding to the nonzero blocks of L. This can be
done without raising the computational complexity of SLAM given the sparsity pattern of L present
in SLAM problems [124]. The final output is xk ∼ N (x̂k, P̂x,k), ℓj ∼ N (ℓ̂j , P̂ℓ,j).
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C.1.3 Formulating the SQP for (R)CKL-SLAM

This section is referenced in Section 6.7.2. We formulate an SQP [28] to solve (6.31). The Lagrangian
is L(q,λ) = J(q)− λ⊤h(q), where

λ =
[
λ⊤
x λ⊤

ℓ

]⊤
, λx =

[
λ⊤
x,1 · · · λ⊤

x,K

]⊤
, λℓ =

[
λ⊤
ℓ,1 · · · λ⊤

ℓ,V

]⊤
(C.11)

are the Lagrange multipliers. Using the same matrix structures as (C.5), we can write the Jacobian
of the Lagrangian at an operating point, qop and λop, as ∂L

∂q⊤
|qop = −g−S⊤λop, where g is defined

in (C.5), and S is the Jacobian of the constraints, defined as

S =
∂h

∂q

∣∣∣∣
qop

= diag(Sx,Sℓ), Sx = diag(Sx,1, . . . ,Sx,K), Sℓ = diag(Sℓ,1, . . . ,Sℓ,V ), (C.12a)

Sx,k =
∂hx(x)

∂x

∣∣∣∣
xop,k

, Sℓ,j =
∂hℓ(ℓ)

∂ℓ

∣∣∣∣
ℓop,j

. (C.12b)

Note that S is block-diagonal owing to the blockwise structure of the constraints.
We use a generalized Gauss-Newton approximation of the Hessian of the Lagrangian [43, §2], [99,

§3.2], which simply corresponds to the Gauss-Newton approximation of the objective function:

∂2L

∂q∂q⊤

∣∣∣∣
qop

≈

(
∂J

∂q⊤

∣∣∣∣
qop

)(
∂J

∂q

∣∣∣∣
qop

)
= F , (C.13)

where F is defined in (C.5). In contrast to the full Hessian of the Lagrangian, which may be
indefinite, the Gauss-Newton approximation is guaranteed to be at least positive semidefinite. The
condition for a valid descent direction from the SQP is that the reduced Hessian, or the Hessian
projected onto the tangent space of the constraints, is positive definite [28, p. 452]. With our Gauss-
Newton approximation, the reduced Hessian is at least positive semidefinite. It is also empirically
full rank in our experiments, thus meeting the SQP’s requirement. See Appendix C.1.4 for more
discussion on this condition.

We now follow the procedure in [28] to set up the SQP system of equations at each iteration as[
F S⊤

S 0

][
δq

−δλ

]
=

[
g + S⊤λop

−h

]
, (C.14)

then update the operating point of the primal variable and the multiplier as qop ← qop + αδq and
λop ← λop +αδλ, with an appropriate step size α. We find α using a backtracking line search with
an acceptance criterion [28],

ϕ1(qop + αδq, µ) ⩽ ϕ1(qop, µ) + ηα
∂J

∂q⊤

∣∣∣∣
qop

δq, (C.15)

where η ∈ (0, 1), µ > 0, and

ϕ1(q, µ) = J(q) + µ||h(q)||1 (C.16)

is the L1 merit function.
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We can now solve for (δq, δλ) and iterate to convergence, yielding (q∗,λ∗). We then recover the
mean estimates in the original space, ζ̂, by picking off the top blocks of the lifted estimates in q∗.
Although the linear system in (C.14) is quite large, as we will see in Appendix C.1.4, we can solve it
efficiently by exploiting the SLAM arrowhead structure in F and the block-diagonal structure in S.

C.1.4 Solving (R)CKL-SLAM in Linear Time

This section is referenced in Section 6.7.2. We efficiently solve the large linear system in (C.14) for
δq and δλ, and also describe the requirements on the SQP Hessian for valid descent directions. We
define t = δq and ν = δλ for brevity.

We solve the SQP with the nullspace method [28]. This method is recommended for systems
with few degrees of freedom in the free variables. For our system, this number simply corresponds to
the degrees of freedom of the original system in (6.1), since the rest of the variables are lifted from,
and thus constrained by, the original variables. As we will see, (C.14) can be solved in the same
time complexity as the unconstrained problem: O(N3(V 3 + V 2K)) when we have more timesteps
than landmarks, or O(N3(K3 +K2V )) when we have more landmarks than timesteps.

We break down t and v as

t =
[
t⊤x t⊤ℓ

]⊤
, tx =

[
t⊤x,1 · · · t⊤x,K

]⊤
, tℓ =

[
t⊤ℓ,1 · · · t⊤ℓ,V

]⊤
, (C.17a)

v =
[
v⊤x v⊤ℓ

]⊤
, vx =

[
v⊤
x,1 · · · v⊤

x,K

]⊤
, vℓ =

[
v⊤
ℓ,1 · · · v⊤

ℓ,V

]⊤
. (C.17b)

Let Z = null(S) be a matrix whose columns form a basis for the nullspace of S, where S is defined
in (C.12). Then, span(Z) represents the tangent space of the linearized constraints. Let T be a
matrix that completes the basis for Z, meaning that the square matrix

[
Z|T

]
is full rank. Note

that one choice for T that contains the desired block-diagonal sparsity structure is simply T = S⊤.
However, other choices of a block-diagonal T are just as efficient, and fixing T = S⊤ in particular
does not simplify any future computations. Rather, this restriction could limit a user from freely
constructing T to resolve any numerical issues that may arise. Thus, in this section, we kept T as
a separate entity from S⊤, in the same spirit as how the nullspace method is presented in [28].

Since S is block-diagonal, we can choose a block-diagonal construction of Z and T as

Z = diag(Zx,Zℓ), Zx = diag(Zx,1, . . . ,Zx,K), Zℓ = diag(Zℓ,1, . . . ,Zℓ,V ), (C.18a)

T = diag(Tx,Tℓ), Tx = diag(Tx,1, . . . ,Tx,K), Tℓ = diag(Tℓ,1, . . . ,Tℓ,V ), (C.18b)

where

Zx,k = null(Sx,k), Zℓ,j = null(Sℓ,j), Tx,k = null(Z⊤
x,k), Tℓ,j = null(Z⊤

ℓ,j). (C.19)

We decompose t into two components, tZ and tT :

t = tZ + tT , tZ = ZcZ, tT = TcT . (C.20)

Here, tZ represents the update direction tangent to the constraints, and tT represents the update
direction orthogonal to the constraints. cZ and cT are, respectively, the coordinates of tZ and tT in
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the basis of Z and T . We write cZ and cT as

cZ =
[
c⊤Z,x c⊤

Z,ℓ

]⊤
, cZ,x =

[
c⊤Z,x,1 · · · c⊤

Z,x,K

]⊤
, cZ,ℓ =

[
c⊤

Z,ℓ,1 · · · c⊤
Z,ℓ,V

]⊤
, (C.21)

cT =
[
c⊤T ,x c⊤

T ,ℓ

]⊤
, cT ,x =

[
c⊤T,x,1 · · · c⊤

T,x,K

]⊤
, cT ,ℓ =

[
c⊤

T,ℓ,1 · · · c⊤
T,ℓ,V

]⊤
. (C.22)

To make the coordinates cZ,x,k and cZ,ℓ,j more interpretable, we can enforce that the choice of
Zx,k and Zℓ,j has the identity matrix of the appropriate size on top:

Zx,k =

[
1Nξ

∗

]
, Zℓ,j =

[
1Nψ

∗

]
, (C.23)

where the ∗ block consists of any entries such that (C.19) is satisfied. Then, each element in
cZ,x,k and cZ,ℓ,j represents, respectively, the update in each dimension of ξk and ψj tangent to the
constraints. This structure also simplifies the extraction of covariances later.

To solve for t, we first solve for tT , then solve for tZ. From the second equation of (C.14), we
have

St = −h ⇒ S(ZcZ + TcT ) = −h ⇒ (ST )cT = −h. (C.24)

We assume that S has full row rank, or else the SQP is not feasible. Note that ST is nonsingular. To
see why, notice that

[
Z|T

]
has full rank, so the product S

[
Z|T

]
=
[
0|ST

]
has full row rank, and

thus ST is a square nonsingular matrix. Therefore, we can uniquely solve for cT from (C.24). With
our choice of T in (C.18), ST also becomes block-diagonal with the same structure as in (C.18).
We can thus solve for cT in O(N3(K + V )) time with

(Sx,kTx,k)cT,x,k = −hx,k, k = 1, . . . ,K, (C.25a)

(Sℓ,jTℓ,j)cT ,ℓ,j = −hℓ,j , j = 1, . . . , V. (C.25b)

To find tZ, we premultiply the first equation of (C.14) by Z⊤ to elimininate any Z⊤S⊤ terms:

Z⊤(Ft− S⊤v) = Z⊤(g + S⊤λ), (C.26a)

⇒Z⊤F (ZcZ + TcT ) = Z
⊤g, (C.26b)

⇒(Z⊤FZ)cZ = Z⊤g −Z⊤FTcT , (C.26c)

⇒FZcZ = gZ, (C.26d)

where FZ = Z⊤FZ and gZ = Z⊤g−Z⊤FTcT . Here, FZ represents the reduced Hessian [28], with
its size just being the degrees of freedom of the original unlifted system.

The SQP solution is guaranteed to be a direction of descent if FZ is positive definite [28, p. 452].
Since F is at least positive semidefinite, FZ is at least positive semidefinite. We then only require that
FZ is full rank. This can be interpreted as observability of the lifted constrained system, where the
solution of the states and landmarks is unique given the process prior, measurements, and constraints.
Unlike in UKL, the constraints contribute to the observability of the system. That is, F may not be
full rank and is only positive semidefinite (i.e., the unconstrained system is unobservable), but FZ

is positive definite (i.e., the constrained system is observable). This happens when the unobservable
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space in F is projected out by Z. We see this commonly in RCKL-SLAM, where the evolution of
the lifted features is ‘moved’ from the process model to the nonlinear constraints, and the system is
only observable with the constraints in place.

Similar to the case for UKL, the observability of (R)CKL depends on the priors, lifting functions,
training data, and the observability of the original system. In our experiments, the rank requirement
always holds empirically when the SQP is initialized according to Section 6.7.3.

Using F ’s breakdown in (C.8), FZ can be written as

FZ =

[
Z⊤
x FxxZx Z⊤

x FxℓZℓ

Z⊤
ℓ F

⊤
xℓZx Z⊤

ℓ FℓℓZℓ

]
=

[
FZ,xx FZ,xℓ

F⊤
Z,xℓ FZ,ℓℓ

]
, (C.27)

where, owing to the block-diagonal structure of Z, the SLAM arrowhead sparsity structure is pre-
served. This is to say, FZ,xx is block-tridiagonal and FZ,ℓℓ is block-diagonal. The blocks in FZ can
be computed in parallel in O(N3KV ) time. The computation of gZ is similarly efficient, since Z⊤

is block-diagonal and Z⊤FZ also preserves the sparsity pattern of F . Then, we can use a Cholesky
decomposition on FZ, similar to the one done on F in (C.9), to efficiently solve for cZ in (C.26d).
Again, the complexity is O(N3(V 3 + V 2K)) when the lower Cholesky decomposition is used when
there are more timesteps than landmarks, but the upper Cholesky decomposition can be used for
the other case. Finally, we use cZ and cT to form tZ and tT , and then form the full update variable,
t, with (C.20), all in linear time.

To solve for the Lagrange multiplier update, v, we premultiply the first equation of (C.14) by
T⊤:

T⊤(Ft− S⊤v) = T⊤(g + S⊤λ), (C.28a)

⇒ (ST )⊤v = T⊤(Ft− g − S⊤λ), (C.28b)

where we can solve for v in linear time since the square matrix ST is full rank and block-diagonal.
With this, we have efficiently solved for t and v in time O(N3(V 3 + V 2K)).

C.1.5 Proof of (R)CKL-SLAM Covariance Extraction

This section is referenced in Section 6.7.2 and Section 7.7.2. We show that when Zx,k and Zℓ,j have
the structures shown in (C.23), then the batch covariance of the primal (lifted) variables satisfies

P̂q = ZF−1
Z Z⊤ = Z(Z⊤FZ)−1Z⊤, (C.29)

and the covariance of the original variables satisfies

Σ̂ζ = F
−1
Z = (Z⊤FZ)−1, (C.30)

where FZ is constructed at the solution (q⋆,λ⋆). Since FZ has the SLAM arrowhead sparsity
structure, we use a similar procedure as for UKL-SLAM to extract the required covariances by
finding the corresponding nonzero blocks of FZ.

We now show (C.30). After convergence, we construct the left-hand side of the SQP in (C.14)
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once more, yielding M =

[
F S⊤

S 0

]
. M is termed the Karush-Kuhn-Tucker (KKT) matrix [125].

Before inverting M , note that F may not be invertible. As discussed in Appendix C.1.4, this occurs
when only the constrained system is observable, which is most commonly seen in RCKL-SLAM.
However, as long as FZ is invertible and S has full row rank, then M is invertible. This is because
the SQP solution, δq and δλ in (C.14), is unique, as seen in Appendix C.1.4 by construction. We

now write the inverse of the KKT matrix as M−1 =

[
PF P⊤

S

PS PZ

]
, where PF, PS, and PZ have the

same sizes as F , S, and the zero block in M , respectively. Then, it is known that P̂q, the covariance
of the primal variable, satisfies P̂q = PF [43].

We cannot use the Schur complement on M to solve for PF since F is not necessarily invertible.
Instead, notice that when constraints are satisfied at the minimum-cost solution, any uncertainty
resulting from noisy information would lie only within the constraint manifold’s tangent space [43].
That is, we can write q⋆ = Zc⋆, where c⋆ is the coordinate of q⋆ in the basis of Z. The solution
distribution in the basis of Z satisfies c ∼ N (ĉ, P̂c), where ĉ = c⋆ and P̂q = ZP̂cZ

⊤, affirming that
the covariance of q is within the space of Z.

We write out the expression MM−1 = 1, yielding[
F S⊤

S 0

][
PF P⊤

S

PS PZ

]
=

[
1 0

0 1

]
. (C.31)

We premultiply first expression of (C.31) by Z⊤:

FPF + S⊤PS = 1, (C.32a)

⇒ Z⊤FZP̂cZ
⊤ +Z⊤S⊤PS = Z⊤, (C.32b)

⇒ (Z⊤FZ)P̂cZ
⊤ = Z⊤, (C.32c)

⇒ P̂c = (Z⊤FZ)−1, (C.32d)

where the last derivation uses the fact that Z has full column rank. Thus, we have shown that the
covariance of the primal variable, corresponding to the lifted state, is

P̂q = ZP̂cZ
⊤ = Z(Z⊤FZ)−1Z⊤. (C.33)

We can proceed to get Σ̂ζ , the covariance of the original state variables, by using (C.33) to prove
(C.30). Given the structure of the bases in (C.23), however, we can prove (C.30) in an easier way:
Owing to (C.23), the dimensions in c exactly represent the dimensions of the original variables, so
the covariance of ζ is equivalent to the covariance of c. Thus, Σ̂ζ = P̂c = (Z⊤FZ)−1.

C.1.6 Modifications for Other (R)CKL Estimation Problems

This section is referenced in Section 6.7.3 and in Appendix C.1.7. We discuss the modifications
required to solve (R)CKL estimation problems other than SLAM: namely, localization, dead reck-
oning, and mapping. One may solve these problems to acquire good initial points for the SQPs of
harder estimation problems including CKL-Loc and CKL-SLAM. The initialization procedure for
these CKL estimation problems is discussed in the next section.
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• Localization: We use measurements from known landmarks to optimize for the robot states.
We modify the optimization objective in (6.31) to treat ℓ as a constant, removing ℓ from the
objective function and from the constraints:

min
x

1

2
e(x)⊤W−1e(x)

s.t. hx(x) = 0,

(C.34)

where W and e are, respectively, still as described by (6.22b) and (6.22c), but e is only
a function of x. hx has the same block structure as described in (6.32). Then, we follow
the same procedure as (R)CKL-SLAM for formulating and solving SQP, with only x as an
unknown. The quantities λ,S,Z,T , t,v would have, respectively, the same block structures
as λx,Sx,Zx,Tx, tx,vx in (R)CKL-SLAM. We use the unconstrained Hessian Fxx in place
of F in (C.8). We can use the same nullspace method to solve for t in linear time. Note that
unlike in UKL-Loc where the cost is quadratic and the solution is one shot, we can no longer
avoid an iterative process in (R)CKL-Loc owing to the nonlinear constraints.

• Dead Reckoning : There are no measurements, and we optimize for the robot states from only
the inputs and the process model. The objective is

min
x

1

2
ev(x)

⊤Q−1ev(x)

s.t. hx(x) = 0,

(C.35)

which is the same objective as for localization with the measurement components removed.
The Hessian of the unconstrained system, F , would simply be A−TQ−1A−1, and the rest
of the procedure for setting up and solving the SQP is similar to constrained localization as
described above. Note that while unconstrained systems can dead reckon by simply recursively
applying the process model, constrained dead reckoning requires an iterative process to ensure
that the solution is on the manifold.

• Mapping : The problem is the inverse of localization: given a trajectory with known robot
states, map the landmarks from the measurements. The optimization objective is

min
ℓ

1

2
ey(ℓ)

⊤R−1ey(ℓ)

s.t. hℓ(ℓ) = 0,

(C.36)

which is modified from (6.31) such that x is known and ℓ is unknown. The quantities
λ,S,Z,T , t,v would have, respectively, the same block structures as λℓ,Sℓ,Zℓ,Tℓ, tℓ,vℓ in
(R)CKL-SLAM. The unconstrained Hessian for mapping, F , would correspond to Fℓℓ in (C.8).
We can use the same nullspace method to solve for t in linear time.

C.1.7 SQP Initialization

This section is referenced in Section 6.7.3. We discuss the initializations of the SQPs for (R)CKL-
based mapping, dead reckoning, localization, and SLAM. Detecting and overcoming local minima in
estimation problems including localization and SLAM are open research problems in general [126,
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127]. In our case, the optimization problem setups in (6.31), (C.34), (C.35), and (C.36) are all
nonlinear owing to the presence of nonlinear constraints, and a reasonable initial guess is often
required to prevent the convergence to a local minimum. When they do occur, the SQP has usually
converged to a place where the constraints are not satisfied, which we can detect by observing the
value of µ||h(q)||1 in (C.16).

The solution procedure with initialization is as follows:

• Dead reckoning : We solve (C.35) for x by first dropping the constraints and solving the
unconstrained problem, then passing the unconstrained solution as the initial guess for the
SQP. Note that the UKL solution of dead reckoning simply corresponds to recursively applying
the learned process model. To ensure that no local minima are encountered, the problem is not
solved over the whole trajectory, but rather over windows of size N , {xk,xk+1, . . . ,xk+N−1},
where we know xk and solve for xk+1, . . . ,xk+N−1. We start at a known initial state x0 and
dead reckon through the windows recursively until the end of the trajectory. A window size of
two often guarantees that local minima are not encountered, though a larger window size can
usually be used for a computational speedup without affecting results, depending on how far
the state drifts from the manifold within N timesteps.

• Mapping : To initialize ℓ to solve (C.36), we drop the constraints and use the UKL mapping
solution. Similar to UKL-Loc, the unconstrained mapping problem is quadratic and can be
solved in one shot. Mirroring the validity of UKL-Loc described in Section 6.6.5, unconstrained
mapping works well when there are enough measurements received per landmark to keep the
solution close to the manifold.

• Localization: To initialize x to solve (C.34), we simply initialize x from constrained dead
reckoning.

• SLAM : To initialize (x, ℓ) to solve (6.31), we first initialize x by doing constrained dead
reckoning, then initialize ℓ by doing mapping from the dead-reckoned trajectory.

C.1.8 (R)CKL Estimation with Orientation

This section is referenced in Section 6.9.1. During the lifting process, we have assumed in (6.1) that
the state of the robot, ξ, lies within a vector space. While this is true for many robots, there are
exceptions where the assumption does not hold. A common example of a non-vector space state
variable is a robot’s orientation, which is a circular quantity. In this section, we present the required
modifications for a 2D pose, i.e., position and orientation. This section acts as an example of variable
transformation and shows the ease of including additional state constraints within (R)CRKL.

Suppose the state of a 2D robot is ξk =
[
ξx,k ξy,k ξθ,k

]⊤
, where (ξx,k, ξy,k) is its position

and ξθ,k is its orientation. Since ξθ,k is circular, simply lifting with xk = pξ(ξk) in (6.28a) would
not work: ξθ,k would be part of the lifted state but we cannot enforce that ξθ,k = ξθ,k + 2mπ

for m ∈ Z. Instead, we do a variable transformation on ξk as ξ
′

k =
[
ξx,k ξy,k ξcos θ,k ξsin θ,k

]⊤
,

where the conversion from ξk to ξ
′

k is ξcos θ,k = cos ξθ,k, ξsin θ,k = sin ξθ,k. We introduce the constraint
hξ(ξ

′

k) = ξ2cos θ,k+ ξ
2
sin θ,k−1 = 0. We then select a lifting function p̃ξ′ (ξ

′

k), and then write the lifted

state as xk =

[
ξ

′

k

p̃ξ′ (ξ
′

k)

]
=

[
ξ

′

k

x̃k

]
, where the manifold constraint is now the lifting function constraint
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in addition to the orientation constraint on ξ
′

k:

xk ∈ X ⇒ hx(xk) =

[
x̃k − p̃ξ′ (ξ

′

k)

ξ2cos θ,k + ξ2sin θ,k − 1

]
= 0. (C.37)

Note that the additional constraint still acts on each state individually at each timestep, meaning
that hx(x) is still block-diagonal. Thus, the rest of the procedure for (R)CKL estimation follows as
usual. Afterwards, we recover ξ̂θ,k = atan2(ξ̂sin θ,k, ξ̂cos θ,k).

With the additional constraint, the covariance extraction needs to be slightly modified. Σ̂ξ,k, the
covariance of ξk, is not the same as P̂c,k, the covariance of xk in the coordinates of the constraint
tangent space defined by Zx,k. ξ′k has 4 dimensions but only 3 degrees of freedom. As such, we
enforce a different structure on Zx,k than in (C.23):

Zx,k



1 0 0

0 1 0

0 0 Z||,cos θ,k

0 0 Z||,sin θ,k

∗ ∗ ∗
...

...
...


, (C.38)

where the ∗ entries are any entries so that Zx,k = null(Sx,k) is satisfied. Then, given P̂c,k in the
form

P̂c,k =

 σ̂
2
c,x,k σ̂2

c,xy,k σ̂2
c,xθ,k

σ̂2
c,xy,k σ̂2

c,y,k σ̂2
c,yθ,k

σ̂2
c,xθ,k σ̂2

c,yθ,k σ̂2
c,θ,k

 , (C.39)

the position covariance is still the upper-left 2× 2 block,

Σ̂ξ,xy,k =

[
σ̂2
c,x,k σ̂2

c,xy,k

σ̂2
c,xy,k σ̂2

c,y,k

]
, (C.40)

and the variance of ξcos θ,k and ξsin θ,k can be found with

Σ̂ξ,cos θ,k = S2
||,cos θ,kσ̂

2
c,θ,k, Σ̂ξ,sin θ,k = S2

||,sin θ,kσ̂
2
c,θ,k, (C.41)

either of which can be converted to the orientation variance, Σ̂ξ,k,θ, through a linear transformation
of a Gaussian at the mean, ξ̂θ,k. We see in our experiments that when Σ̂ξ,cos θ,k and Σ̂ξ,sin θ,k are
small, using either variance yields the same value for Σ̂ξ,θ,k.
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